
2
Basic Equations and Tools

In this chapter, we examine the equations necessary for
the study of mesoscale phenomena. This equation set must
ensure the conservation of momentum, mass, and energy,
and must also allow exchanges between different forms of
energy. We also introduce the useful concepts of vorticity
and circulation, and we examine the relationship between
pressure perturbations and the wind and temperature fields.
Finally, we cover the basics of soundings and hodographs,
which are important tools for assessing atmospheric con-
ditions with regard to the development or sustenance of
mesoscale phenomena.

2.1 Thermodynamics
2.1.1 Ideal gas law and first law

of thermodynamics

We begin with the ideal gas law or equation of state, which
can be expressed as

p = ρRT, (2.1)

where p is the pressure, ρ is the air density, R is the gas
constant (which depends on the composition of the air),
and T is absolute temperature. If we consider only the
pressure of dry air, pd, then we can write (2.1) as

pd = ρdRdT (2.2)

where ρd is the density of the dry air (i.e., the mass of dry
air per unit volume) and Rd = 287.04 J kg−1 K−1 is the gas
constant for dry air.

One of the fundamental laws governing the behavior
of atmospheric gases and the exchange of energy between

a volume of air and its environment is the first law of
thermodynamics, given by

q = cv
dT

dt
+ p

dα

dt
, (2.3)

where q is the specific heating rate, cv is the specific heat for
a constant volume process, α is the specific volume (=ρ−1),
t is time, and d/dt is a material derivative such that

d

dt
= ∂

∂t
+ u

∂

∂x
+ v

∂

∂y
+ w

∂

∂z
= ∂

∂t
+ v · ∇, (2.4)

where v = u i + v j + w k is the velocity vector, u, v,
and w are the velocity components in the east (x), north
(y), and upward (z) directions, respectively, i, j, and k
are unit vectors in the east, north, and upward directions,
respectively, and ∇ = i∂/∂x + j∂/∂y + k∂/∂z. For a scalar
χ , ∂χ/∂t represents the local tendency of χ and −v · ∇χ

represents the advection of χ .
The specific heating rate q can include heating and cool-

ing due to phase changes of water, radiation, and molecular
diffusion. The terms on the rhs of (2.3) represent the change
in internal energy and the work done on the environment
through expansion, respectively. Alternatively, (2.3) can be
written as

q = cp
dT

dt
− α

dp

dt
, (2.5)

where cp is the specific heat for a constant pressure process
(R = cp − cv). The two terms on the rhs of (2.5) do not
have the same interpretation as the terms on the rhs of
(2.3); cpdT/dt represents the change in specific enthalpy,
h (=cvT + pα), and −αdp/dt represents the effects of
changing pressure.
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12 BASIC EQUATIONS AND TOOLS

We can derive the dry adiabatic lapse rate from (2.5),
that is, the rate at which an air parcel cools (warms) owing
to expansion (compression) if ascending (descending) dry
adiabatically. If we let q = 0 (i.e., no heat is exchanged
between the parcel and its environment), assume T and p
are functions of z only, such that dT

dt = dT
dz

dz
dt and dp

dt = dp
dz

dz
dt

via the chain rule, and assume that dp/dz = −ρg (in effect,
we are assuming that the pressure in the displaced parcel
is equal to the pressure within the environment, which we
also assume is hydrostatic), then (2.5) can be rearranged to
yield

�d ≡ −dT

dz
= g

cp
, (2.6)

where �d ≈ 9.8 K km−1 is the dry adiabatic lapse rate.
Along similar lines, by integrating (2.3) from p to a

reference pressure p0 (generally taken to be 1000 mb) and
assuming q = 0, we obtain Poisson’s equation,

θ = T

(
p0

p

)R/cp

, (2.7)

where θ is known as the potential temperature. The potential
temperature is the temperature of an air parcel if the parcel is
expanded or compressed adiabatically to p0; θ is conserved
for adiabatic displacements of unsaturated air.1

The definition of potential temperature given by (2.7)
allows us to recast (2.5) as

d ln θ

dt
= q

cpT
; (2.8)

thus, local potential temperature changes are governed by

∂θ

∂t
= −u

∂θ

∂x
− v

∂θ

∂y
− w

∂θ

∂z
+ qθ

cpT
. (2.9)

2.1.2 Moisture variables and moist
processes

The most interesting (in our view) meteorological phe-
nomena could not occur without water vapor and its phase
changes. Unlike the other major constituents of air, the

1 Quantities that are conserved following parcel motions are useful in
many applications. In such cases, one need not integrate all forcings
along trajectories to obtain a final value. Instead, with knowledge of the
initial state (e.g., θ at the initial pressure level) and partial knowledge of
the final state (e.g., to what pressure level the parcel moved), one can
often solve for an unknown final property (e.g., the temperature of the
parcel at the final pressure level).

concentration of water vapor is highly variable in space and
time. Below our focus is on the thermodynamics of the
liquid phase. For a rigorous treatment of the thermody-
namics of the ice phase, we refer the reader to the work of
Bohren and Albrecht (1998).

The equation of state for water vapor is

e = ρvRvT, (2.10)

where e is the vapor pressure, ρv is the density of the water
vapor (i.e., the mass of water vapor per unit volume), and
Rv = 461.51 J kg−1 K−1 is the gas constant for water vapor.
Note that ρ = ρd + ρv. Moreover, from Dalton’s law, the
total pressure is just the sum of the pressure of dry air and
the vapor pressure, that is, p = pd + e.

The water vapor mixing ratio, rv, is defined as

rv = ρv

ρd
= εe

pd
= εe

p − e
, (2.11)

where ε = Rd/Rv ≈ 0.622. The water vapor mixing ratio
is conserved for dry adiabatic processes (i.e., drv/dt = 0),
because no mass is exchanged between a parcel and its
environment and there is no phase change. In general, the
conservation of water vapor is governed by

drv

dt
= ∂rv

∂t
+ u

∂rv

∂x
+ v

∂rv

∂y
+ w

∂rv

∂z
= Si, (2.12)

where Si are sources and sinks of water vapor attributable
to phase changes (e.g., condensation is a water vapor sink,
whereas evaporation is a water vapor source).

A dimensionless measure of water vapor, the relative
humidity, RH (often expressed as a percentage), is defined
as either the quotient of the vapor pressure and saturation
vapor pressure, es, or as the quotient of the water vapor
mixing ratio and saturation water vapor mixing ratio, rvs,
that is,

RH = e

es
(2.13)

or

RH = rv

rvs
, (2.14)

where es is a function of temperature only. Slight differences
between e/es and rv/rvs exist for 0% < RH < 100%; when
RH = 0% or RH = 100%, e/es = rv/rvs.

The Clausius–Clapeyron equation relates es to T,

des

dT
= lves

RvT2
, (2.15)
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where lv is the specific latent heat of vaporization (lv is a
function of T; lv = 2.501×106 J kg−1 at 0◦C). To a good
approximation,2

es ≈ 6.112 exp

(
17.67T

T + 243.5

)
, (2.16)

where es is in millibars, and T is in degrees Celsius.
Because R in (2.1) depends on the composition of the

air and because water vapor is so variable, the ideal gas law
for moist air often is expressed more conveniently in terms
of Rd using

R = Rd
1 + rv/ε

1 + rv
, (2.17)

together with a virtual temperature, Tv, that accounts for
the presence of water vapor, that is,

p = ρRdTv, (2.18)

where

Tv = T
1 + rv/ε

1 + rv
≈ T(1 + 0.61rv). (2.19)

The virtual temperature can be interpreted as the tempera-
ture that a sample of dry air must have so that its density is
equivalent to a sample of moist air at the same pressure.

The virtual potential temperature, θv, is simply the virtual
temperature of an air parcel if expanded or compressed
adiabatically to a reference pressure of p0, that is,

θv = θ
1 + rv/ε

1 + rv
≈ θ(1 + 0.61rv). (2.20)

Because θ and rv are both conserved for dry adiabatic
motions, θv also is conserved for dry adiabatic motions.

The effects of condensate on air density can be accom-
modated in a similar manner via the density temperature,
Tρ , where

Tρ = T

(
1 + rv/ε

1 + rt

)
≈ T(1 + 0.61rv − rh). (2.21)

Here rh is the hydrometeor mixing ratio (i.e., the mass
of hydrometeors per unit mass) and rt = rv + rh is the
total water mixing ratio (i.e., the mass of water vapor plus
condensate per unit mass). Likewise, the density potential
temperature, θρ , is

θρ = θ
1 + rv/ε

1 + rt
≈ θ(1 + 0.61rv − rh). (2.22)

2 See Bolton (1980). His formula is accurate to within 0.3% in the range
−35◦C ≤ T ≤ 35◦C.

Not only does the water vapor concentration affect R,
but it also affects cp and cv . The specific heats at constant
pressure and volume for dry air, cpd and cvd, respectively,
are related to cp and cv via

cp = cpd

⎛
⎜⎜⎝

1 + rv
cpv

cpd

1 + rv

⎞
⎟⎟⎠ ≈ cpd(1 + 0.85rv) (2.23)

cv = cvd

⎛
⎜⎝1 + rv

cvv

cvd

1 + rv

⎞
⎟⎠ ≈ cvd(1 + 0.94rv), (2.24)

where cpv and cvv are the specific heats at constant pressure
and volume for water vapor. Approximate values of cpd,
cvd, cpv, and cvv are 1005, 719, 1870, and 1410 J kg−1 K−1,
respectively. For most practical purposes, the effects of
water vapor on the specific heats can be neglected without
serious errors, as will be done in subsequent chapters.

The dewpoint temperature, Td, is the temperature at
which saturation is achieved if air is cooled while holding
pressure and water vapor mixing ratio constant; that is,
e = es(Td). By inverting (2.16), to a good approximation,

Td ≈ 243.5[
17.67

ln(e/6.112)

]
− 1

, (2.25)

where e is in millibars and Td is in degrees Celsius. In
contrast, the wet-bulb temperature, Tw, is the temperature to
which air can be cooled, at constant pressure, by evaporating
water into the air until the air becomes saturated. It can be
computed either graphically on a thermodynamic diagram
(Figure 2.2) or iteratively via the relation

[cpd + rvs(Tw)c l](T − Tw) = lv(Tw)rvs(Tw) − lv(T)rv,
(2.26)

where c l is the specific heat of liquid water at constant
pressure (∼4200 J kg−1 K−1). The wet-bulb potential tem-
perature, θw, is simply the potential temperature that a
parcel would have if cooled by evaporation during saturated
descent to the reference pressure p0.

Because potential temperature is conserved for dry
adiabatic motion, air parcels cool as they ascend dry adia-
batically to lower pressures. If the vertical displacement is
sufficiently large, saturation occurs. In a moist or saturated
adiabatic process, air is saturated and may contain con-
densate. A distinction is made between a reversible moist
adiabatic process, in which total water (vapor plus con-
densate) is conserved (i.e., drt/dt = 0), and an irreversible
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moist adiabatic process, called a pseudoadiabatic process, in
which condensate is assumed to be removed as soon as it
forms.

In the case of a reversible moist adiabatic process, the
specific heating rate is

q = −T
d

dt

(
lvrv

T

)
, (2.27)

where rv = rvs because the parcel is saturated and
d(lvrv)/dt < 0 (>0) if condensation (evaporation) is
occurring. Furthermore, in (2.5), cp is replaced with
cpd + rtc l, p is replaced with pd, and α is replaced with
αd (=ρ−1

d ). Substituting (2.27) into (2.5), modified as
described above, and assuming that T, pd, and lvrv are
functions of z only, (2.5) becomes

(cpd + rtc l)
dT

dz
− αd

dpd

dz
= −d(lvrv)

dz
+ lvrv

T

dT

dz
. (2.28)

From the Clausius–Clapeyron equation and the fact that
p = pd + e,

−αd
dpd

dz
= −αd

dp

dz
+ lvrv

T

dT

dz
. (2.29)

Furthermore, if we assume that −αddp/dz = ρg/ρd ≈ g,
then we can rearrange (2.28) to obtain the reversible moist
adiabatic lapse rate, �rm (Figure 2.1), where

�rm ≡ −dT

dz
= g

cpd + rtc l
+ 1

cpd + rtc l

dlvrv

dz
. (2.30)

Note that �rm < �d = g/cp because rt > 0 and d(lvrv)/
dz < 0.

We can integrate the first law of thermodynamics with
q = −T d(lvrv/T)/dt and the above substitutions for cp, p,
and α to obtain another conserved variable, the equivalent
potential temperature, θe, given by

θe = T

(
p0

pd

)Rd/(cpd+rtc l)

× exp

[
lvrv

(cpd + rtc l)T

]
. (2.31)

The equivalent potential temperature is the potential tem-
perature an air parcel would attain if all its water vapor
were to condense in an adiabatic process. (Similarly, the
equivalent temperature, Te, is defined as the temperature
an air parcel would attain if all its water vapor were to
condense in an adiabatic, isobaric process.) In the case of
unsaturated air, T is replaced with T∗, the temperature at
which a lifted parcel becomes saturated, known as the sat-
uration temperature [note that lv = lv(T); for unsaturated
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Figure 2.1 Temperature as a function of pressure for
reversible moist adiabatic and pseudoadiabatic ascent
from saturated initial conditions of p = 900 mb and
T = 25◦C.

air, lv(T∗) should be used]. To a good approximation,3

T∗ = 2840

3.5 ln T − ln e − 4.805
+ 55. (2.32)

Note that θe = θ for rv = 0.
At the other extreme, if we assume that the condensate is

removed immediately from the parcel as it forms, in which
case the latent heat from condensation is absorbed only
by the gaseous portion of the parcel (i.e., the condensate
does not absorb any heat), then we have what is said
to be a pseudomoist adiabatic or pseudoadiabatic process.
Substituting (2.27) into (2.5), again replacing p with pd and
α with αd, but replacing cp with cpd + rvc l, we can obtain
the pseudoadiabatic lapse rate, �ps, where

�ps ≡ −dT

dz
= g

cpd + rvc l
+ 1

cpd + rvc l

dlvrv

dz
. (2.33)

Note that �ps >�rm because rv < rt. Sometimes �ps is
generically referred to as the saturated adiabatic lapse rate
or (irreversible) moist adiabatic lapse rate, �m. The curves
representing moist adiabatic processes on a thermodynamic
diagram do not account for the heat carried by condensate;
thus, the curves are called pseudoadiabats (Figures 2.1
and 2.2).

3 See Bolton (1980).
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Figure 2.2 Skew T –log p diagram illustrating how to compute θ , θw, θep, Tw, T∗, e, and the lifting condensation level
(LCL) from observations of T and Td. Isobars are gray (labeled in mb), isentropes (dry adiabats) are blue (labeled in K),
isotherms are red (labeled in ◦C), water vapor mixing ratio lines are green (dashed; labeled in g kg−1), and pseudoadiabats
are purple (dashed; labels in ◦C indicate θw values corresponding to the pseudoadiabats). The LCL and T∗ are found by
finding the intersection of the dry adiabat and constant mixing ratio line that pass through the potential temperature
and mixing ratio, respectively, of the parcel to be lifted. The potential temperature is found by following a dry adiabat
to 1000 mb through the temperature of the parcel. The wet-bulb temperature (wet-bulb potential temperature) is found
by following a pseudoadiabat from a parcel’s T∗ value back to the parcel’s pressure (1000 mb). The equivalent potential
temperature is found by following a pseudoadiabat from T∗ to a pressure (high altitude) where the pseudoadiabat is parallel
to the dry adiabats, and then identifying the potential temperature associated with the pseudoadiabat at this pressure
(the solid green line identifies the θep of a parcel located at the surface). The vapor pressure is found by locating the
intersection of the isotherm passing through the parcel’s water vapor mixing ratio and the p = 622 mb isobar. The water
vapor mixing ratio line passing through this intersection point (dashed black line) represents e in millibars. (The saturation
vapor pressure can be found via the same exercise but by following the isotherm that passes through the temperature
rather than water vapor mixing ratio of the parcel.) For the parcel shown (T ≈ 30◦C, Td ≈ 19◦C, rv ≈ 15 g kg−1), the
θ , θw, θep, Tw, T∗, e, and LCL are as follows, respectively: 307.5 K, 23.5◦C, 352 K, 22.5◦C, 17◦C, 22 mb, and 825 mb.
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The pseudoequivalent potential temperature, θep, is the
temperature achieved by an air parcel that is lifted pseudoa-
diabatically to 0 mb, followed by a dry adiabatic descent to
p0 = 1000 mb (Figure 2.2). An expression4 for θep (in our
experience, this is how the field identified as ‘θe’ is usu-
ally computed in computer-generated weather analyses and
forecasts) is

θep = T

(
p0

p

)0.2854(1−0.28rv )

× exp

[
rv(1 + 0.81rv)

(
3376

T∗ − 2.54

)]
(2.34)

The θep computed using the expression above is
conserved for dry adiabatic processes and approximately
conserved for pseudoadiabatic processes. For dry adiabatic
and moist reversible processes, the θe given by (2.31) is
conserved. The evaporation of rain into unsaturated air
(an irreversible process) causes θe to increase slightly; the
melting of ice has the opposite effect.

The differences between θe and θep are small for most
practical purposes. Hereafter we shall not make a distinction
between the two. We shall treat θe, regardless of the details
of how it is computed, as being approximately conserved
for dry and moist adiabatic processes. We also note that
θw is approximately conserved for dry and moist adiabatic
motions as well. For this reason, θe and θw are sometimes
used as tracers of air.

2.2 Mass conservation
Our equation set must ensure the conservation of mass
through a mass continuity equation, which we shall often
use in future chapters to provide a link between the hor-
izontal and vertical wind fields (e.g., when air is rising
within a column, we expect net convergence below the
level of maximum vertical velocity and net divergence
above). This will prove to be useful to our later conceptual
models.

For strict conservation of mass, any net three-
dimensional convergence following a parcel must be
accompanied by an increase in the density of that parcel.
This principle is expressed in equation form as

dρ

dt
+ ρ (∇ · v) = 0. (2.35)

Similarly, if we were to examine a fixed volume of space,
the density within that volume must change given a net

4 See Bolton (1980).

divergence of mass within the volume. Thus, the local
change in density is given by

∂ρ

∂t
+ ∇ · (ρv) = 0. (2.36)

Though the above equations satisfy mass conservation
exactly, it is often difficult to gain physical insight when all
of the terms are retained. Therefore, it is helpful to sim-
plify these equations under those conditions for which
certain terms dominate. Although mass is not strictly
conserved in the new equations, we shall be able to use
them much more easily to understand the behavior of the
atmosphere.

When the square of the speed of motion is much less
than the square of the speed of sound (a good approx-
imation for nearly all atmospheric phenomena), we can
make what is known as the anelastic approximation. If the
atmosphere is assumed to have only small deviations from
a constant reference potential temperature, the continuity
equation can be expressed as5

∇ · (ρav) = 0, (2.37)

where ρa(z) is the density of the adiabatic reference state.
For qualitative purposes, we shall use (2.37) at times with
a vertical profile of density ρ = ρ(z) that does not nec-
essarily correspond to a constant potential temperature
atmosphere. (For quantitative purposes, we would need to
modify the thermodynamic equation to maintain energy
conservation.)

If the anelastic conditions are met and the depth of the
flow (D) is much less than the scale height of the atmosphere
(H ∼ 8 km), it can be shown that the incompressible or
Boussinesq6 form of the mass continuity equation,

∇ · v = 0, (2.38)

can be used. It should be noted that incompressibility is
satisfied if density is not a function of pressure (e.g., if one
squeezes a water balloon, it will change shape but will not
tend to occupy a smaller volume overall). In addition, to
obtain (2.38), changes in density due to heating following
the flow must be ignored. This form of the continuity
equation conserves volume rather than mass (although the
two are equivalent if density is constant), and is the easiest

5 See Ogura and Phillips (1962).
6 Joseph Boussinesq (1842–1929) was a French mathematician and
physicist. He is probably best known for his contributions to the study
of turbulence.
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form to use for linking the horizontal and vertical motions.
This is clear if (2.38) is written in component form as

∂u

∂x
+ ∂v

∂y
+ ∂w

∂z
= 0. (2.39)

The vertical velocity at any height (z1) can be related
to the net horizontal convergence below that level by
integrating (2.39) from z = 0 to z = z1. Then,

z1∫
0

(
∂u

∂x
+ ∂v

∂y

)
dz = −

z1∫
0

∂w

∂z
dz (2.40)

Defining horizontal divergence as δ = ∂u/∂x + ∂v/∂y, and
δ as the average of δ over the depth from 0 to z1, we can
write (2.40) as

δ z1 = −w(z1) + w(0). (2.41)

For a flat surface, w(0) = 0; therefore, (2.41) reduces to

w(z1) = −δz1, (2.42)

and it is clear that positive (negative) vertical motion at z1

must be accompanied by mean convergence (divergence)
between the surface and z1.

2.3 Momentum equations
2.3.1 Conservation of momentum

Even though we have already, somewhat unavoidably,
introduced some forms of the momentum equations
in Chapter 1, at the risk of being redundant, we again
present the momentum equations. In vector form, the
momentum equations can be expressed in rotating
coordinates as

dv

dt
= −2� × v − 1

ρ
∇p + g + F, (2.43)

where � = 
 cos φ j + 
 sin φ k is the earth’s angu-
lar velocity, φ is latitude, g = −gk is the gravitational
acceleration (the centrifugal force has been combined with
gravitation in g), and F = Fu i + Fv j + Fw k represents
frictional forces. Equation (2.43) represents Newton’s sec-
ond law applied to the airflow on earth. Regarding F, it can
be related to either molecular viscosity or turbulence. The
contribution to F from molecular viscosity is proportional
to ν∇2v, where ν is the kinematic viscosity (assuming con-
stant ρ). The relative importance of molecular viscosity is

related to the inverse of the Reynolds number,7 Re = VL/ν,
where V is a characteristic velocity scale and L is a char-
acteristic length scale. Because the kinematic viscosity of
air is small (ν ≈ 1.5×10−5 m2 s−1), Re is very large except
within a few millimeters of the ground; thus, molecular vis-
cosity is negligible except within the lowest few millimeters.
Turbulent eddies, however, can produce an eddy viscosity
with respect to the mean flow, especially in the atmospheric
boundary layer. This topic is dealt with in considerably
greater detail in Chapter 4.

In spherical coordinates, (λ, φ, z), the components of v
are defined as

u ≡ r cos φ
dλ

dt
= dx

dt
(2.44)

v ≡ r
dφ

dt
= dy

dt
(2.45)

w ≡ dz

dt
(2.46)

where λ is longitude and r is the distance to the center of
the earth, which is related to z by r = a + z, with a being
the radius of the earth (we shall assume that r ≈ a). Note
that the (x, y, z) coordinate system defined by the above
relationships is not a Cartesian coordinate system because
the i, j, and k unit vectors are not constant. Instead,

di

dt
= u

a cos φ
(j sin φ − k cos φ) (2.47)

dj

dt
= −u tan φ

a
i − v

a
k (2.48)

dk

dt
= i

u

a
+ j

v

a
; (2.49)

thus,

dv

dt
=

(
du

dt
−uv tan φ

a
+ uw

a

)
i +

(
dv

dt
+ u2 tan φ

a
+ vw

a

)
j

+
(

dw

dt
− u2 + v2

a

)
k. (2.50)

The momentum equations in the x, y, and z directions,
respectively, can therefore be expressed as

du

dt
− uv tan φ

a
+ uw

a
= − 1

ρ

∂p

∂x
+ 2
v sin φ

−2
w cos φ + Fu (2.51)

7 Osborne Reynolds (1842–1912) was an Irish mathematician and
engineer best known for his fluid dynamics contributions, specifically,
his study of the conditions in which the flow in pipes transitioned from
laminar flow to turbulent flow.



18 BASIC EQUATIONS AND TOOLS

dv

dt
+ u2 tan φ

a
+ vw

a
= − 1

ρ

∂p

∂y
− 2
u sin φ + Fv

(2.52)

dw

dt
− u2 + v2

a
= − 1

ρ

∂p

∂z
+ 2
u cos φ − g + Fw. (2.53)

We will assume that the vertical component of the Cori-
olis acceleration can be neglected, as can the −2
w cos φ

contribution to the Coriolis acceleration in the u momen-
tum equation. The metric terms (terms with an a in the
denominator) are small in midlatitudes (the tan φ terms,
however, become significant near the poles). Under these
assumptions, the momentum equations can be expressed
reasonably accurately as

du

dt
= − 1

ρ

∂p

∂x
+ f v + Fu (2.54)

dv

dt
= − 1

ρ

∂p

∂y
− fu + Fv (2.55)

dw

dt
= − 1

ρ

∂p

∂z
− g + Fw (2.56)

where f = 2
 sin φ is the Coriolis parameter. The above
forms probably are most familiar to readers and will be
the forms most often used throughout this book. In vector
form, we can write these as

dv

dt
= − 1

ρ
∇p − gk − f k × v + F. (2.57)

In a few locations in the book it will be advantageous to
use pressure as a vertical coordinate. In isobaric coordinates,
the horizontal momentum equation can be written as

dvh

dt
= −∇p� − f k × vh + F, (2.58)

where vh = (u, v) is the horizontal wind, d/dt = ∂/∂t +
u∂/∂x + v∂/∂y + ω∂/∂p, ω = dp/dt is the vertical veloc-
ity, � = gz is the geopotential, and horizontal deriva-
tives in d/dt and ∇p are evaluated on constant pressure
surfaces.

2.3.2 Balanced flow

In many situations the forces in the momentum equations
are in balance or near balance. It will be useful to draw
upon knowledge of such equilibrium states later in the text.
For example, equilibrium states are the starting point for
the study of many dynamical instabilities.

In the horizontal, geostrophic balance results when hori-
zontal accelerations are zero owing to a balance between the
horizontal pressure gradient force and the Coriolis force.
If du/dt and dv/dt vanish from (2.54) and (2.55), respec-
tively, then, neglecting Fu and Fv , we obtain the geostrophic
wind relations

ug = − 1

ρf

∂p

∂y
(2.59)

vg = 1

ρf

∂p

∂x
(2.60)

where vg = (ug, vg, 0) = 1
ρf k × ∇hp is the geostrophic wind.

In isobaric coordinates,

ug = −1

f

∂�

∂y
(2.61)

vg = 1

f

∂�

∂x
, (2.62)

and vg = 1
f k × ∇p�. Using the above definitions, (2.58)

can be written as

dvh

dt
= −f k × va + F. (2.63)

where va = vh − vg is the ageostrophic wind. Neglecting
the variation of f with latitude, it is easily shown that the
geostrophic wind is nondivergent; thus, the ageostrophic
part of the wind field contains all of the divergence.

In the vertical, hydrostatic balance occurs when grav-
ity and the vertical pressure gradient force are equal
and opposite. If dw/dt is negligible (and also assuming
Fw is negligible), then we readily obtain the hydrostatic
equation from (2.56). In height coordinates it takes the
form

∂p

∂z
= −ρg, (2.64)

and in isobaric coordinates,

∂�

∂p
= −RT

p
. (2.65)

Integration of (2.65) over a layer yields the hypsometric
equation, which relates the thickness of the layer to the
temperature within the layer, that is,

z(pt) − z(pb) =
∫ pb

pt

RT

g
d ln p = Rd

g

∫ pb

pt

Tv d ln p

= RdTv

g
ln

(
pb

pt

)
, (2.66)
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where pt and pb are the pressures of the top and bottom
of the layer, respectively, z(pt) and z(pb) are the heights
of the top and bottom of the layer, respectively, and Tv is
the log-pressure-weighted mean virtual temperature of the
layer. We replaced RT with RdTv in (2.65) so that Rd could
be pulled outside of the integral. The thickness of a layer,
z(pt) − z(pb), is proportional to Tv.

As discussed in Chapter 1, phenomena having a small
aspect ratio can be regarded as being in approximate hydro-
static balance. We shall exploit the hydrostatic equation in
the study of a number of mesoscale phenomena later in the
book, particularly phenomena near the upper limit of the
mesoscale.

We can relate the geostrophic wind to the temperature
field by taking ∂vg/∂p and substituting (2.65). This results
in the thermal wind equation,

−∂vg

∂p
= − ∂

∂p

(
1

f
k × ∇p�

)
= R

fp
k × ∇pT, (2.67)

which implies that the shear in the vertical profile of the
geostrophic wind is proportional to the horizontal tem-
perature gradient. (The thermal wind relation in height
coordinates has a less friendly form.) The geostrophic wind
shear vector, −∂vg/∂p, is parallel to the isotherms and is
oriented such that cold air is on its left (right) in the north-
ern (southern) hemisphere. Similarly, the thermal wind, vT ,
is a geostrophic wind vector difference between two levels.
For example, the thermal wind defined by the geostrophic
winds at an upper level u and a lower level l is vT = vgu − vgl;
vT points along the isotherms characterizing the mean tem-
perature in the layer bounded by the two levels, with cold
air to the left of vT . By adding the thermal wind vector
to a low-level wind associated with warm advection, one
notes immediately from the upper-level wind vector that
the wind profile has ‘veering’ (i.e., clockwise turning) of
vg with height, whereas cold advection is associated with
‘backing’ (i.e., counterclockwise turning) of vg with height
in the northern hemisphere. In the southern hemisphere,
clockwise (counterclockwise) turning of vg with height
signifies cold (warm) advection.

Geostrophic balance is technically only valid for straight
isobars. A more general wind balance among the horizontal
forces acting on a parcel of air is known as gradient wind
balance. It is most easily demonstrated by expressing the
horizontal momentum equation in natural coordinates,
that is,

dvh

dt
= dV

dt
s + V2

Rt
n, (2.68)

where s is a unit vector that points in the direction of vh

(i.e., along a streamline), n is the unit vector that points 90◦

to the left of vh, V = |vh| is the horizontal wind speed, and
Rt is the radius of curvature of the trajectory followed by a
parcel of air (defined to be positive [negative] for cyclonic
[anticyclonic] flow; the curvature of the flow increases with
decreasing |Rt|), and V2/Rt is the centripetal acceleration.

We now consider the forces acting in the along-wind (s)
and cross-wind (n) directions. In the s direction, accelera-
tions are driven by the along-wind pressure gradient, that is,

dV

dt
= − 1

ρ

∂p

∂s
. (2.69)

A gradient wind is a wind that blows parallel to the isobars;
thus, ∂p/∂s = 0 for a gradient wind. We therefore only
need to consider the force balance in the n direction. The
Coriolis and pressure gradient forces in the n direction are
−fV and − 1

ρ

∂p
∂n , respectively, where n is the coordinate in

the n direction. In most situations − 1
ρ

∂p
∂n > 0, that is, high

pressure usually is to the right of the wind direction. Thus,
the force balance in the n direction is

0 = −fV − 1

ρ

∂p

∂n
− V2

Rt
. (2.70)

The three-way balance among the Coriolis, pressure gradi-
ent, and centrifugal forces implied by (2.70) is commonly
recognized as the gradient wind balance relation.

The geostrophic wind is the gradient wind that results
when |Rt| → ∞ (i.e., straight flow). In natural coordinates,
Vg = − 1

ρf
∂p
∂n , which allows us to write (2.70) as

Vg

V
= 1 + V

fRt
, (2.71)

from which it is apparent that anticyclonic (Rt < 0) gradi-
ent winds are supergeostrophic (i.e., V > Vg) and cyclonic
(Rt > 0) gradient winds are subgeostrophic (i.e., V < Vg).

When the Coriolis force is negligible relative to the
centrifugal and pressure gradient forces in (2.70), as is the
case in strong mesoscale vortices, cyclostrophic balance is
present. In this case, the pressure gradient force is directed
toward the axis of rotation and balances the centrifugal
force.

2.3.3 Buoyancy

The dynamics of many mesoscale phenomena are often
more intuitive if the vertical momentum equation is written
in terms of a buoyancy force and a vertical perturbation
pressure gradient force. The buoyancy force is a vertical
pressure gradient force that is not balanced with gravity
and is attributable to variations in density within a column.
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The origin of the buoyancy force can be elucidated by first
rewriting (2.56), neglecting Fw , as

ρ
dw

dt
= −∂p

∂z
− ρg. (2.72)

Let us now define a horizontally homogeneous base state
pressure and density field (denoted by overbars) that is in
hydrostatic balance, such that

0 = −∂p

∂z
− ρg. (2.73)

Subtracting (2.73) from (2.72) yields

ρ
dw

dt
= −∂p′

∂z
− ρ ′g, (2.74)

where the primed p and ρ variables are the deviations
of the pressure and density field from the horizontally
homogeneous, balanced base state [i.e., p = p(z) + p′, ρ =
ρ(z) + ρ ′]. Rearrangement of terms in (2.74) yields

dw

dt
= − 1

ρ

∂p′

∂z
− ρ ′

ρ
g (2.75)

= − 1

ρ

∂p′

∂z
+ B (2.76)

where B (= − ρ′
ρ

g) is the buoyancy and − 1
ρ

∂p′
∂z is the vertical

perturbation pressure gradient force. The vertical perturba-
tion pressure gradient force arises from velocity gradients
and density anomalies. A more thorough examination of
pressure perturbations is undertaken in Section 2.5.

When the Boussinesq approximation is valid
(Section 2.2), ρ(x, y, z, t) is replaced with a constant ρ0

everywhere that ρ appears in the momentum equations
except in the numerator of the buoyancy term in the
vertical momentum equation. Similarly, when the anelastic
approximation is valid, ρ(x, y, z, t) is replaced with ρ(z) in
the momentum equations except in the numerator of the
buoyancy term in the vertical momentum equation.

It is often sufficiently accurate to replace ρ with ρ in the
denominator of the buoyancy term, that is,

B = −ρ ′

ρ
g ≈

(
T ′

v

Tv
− p′

p

)
g, (2.77)

where we also have made use of the equation of state
and have assumed that perturbations are small relative to
the mean quantities. In many situations, |p′/p| � |T ′

v/Tv|,
in which case B ≈ T ′

v/Tv (it can be shown that |p′/p| �
|T ′

v/Tv| when u2/c2 � |T ′
v/Tv|, where c =

√
cpRdTv/cv is

the speed of sound). Furthermore, it is often customary
to regard the reference state virtual temperature as that
of the ambient environment, and the virtual temperature
perturbation as the temperature difference between an air
parcel and its surrounding environment, so that

B ≈ Tvp − Tvenv

Tvenv

g, (2.78)

where Tvp is the virtual temperature of an air parcel and
Tvenv is the virtual temperature of the environment. When
an air parcel is warmer than the environment, a positive
buoyancy force exists, resulting in upward acceleration.

When hydrometeors are present and assumed to be
falling at their terminal velocity, the downward acceleration
due to drag from the hydrometeors is equal to grh, where
rh is the mass of hydrometeors per kg of air (maximum
values of rh within a strong thunderstorm updraft typically
are 8–18 g kg−1). The effect of this hydrometeor loading on
an air parcel can be incorporated into the buoyancy; for
example, we can rewrite (2.77) as

B ≈
(

T ′
v

Tv
− p′

p
− rh

)
g =

[
θ ′

v

θv
+

(
R

cp
− 1

)
p′

p
− rh

]
g

=
[

θ ′
ρ

θρ

+
(

Rd

cp
− 1

)
p′

p

]
g, (2.79)

where θ ′
ρ = θρ − θρ (θρ = θ v if the environment contains

no hydrometeors).8 Examination of (2.79) reveals that the
positive buoyancy produced by a 3 K virtual temperature
excess (i.e., how warm a parcel is compared to its envi-
ronment) is offset entirely (assuming θv ∼ 300 K) by a
hydrometeor mixing ratio of 10 g kg−1. In many applica-
tions throughout this book, we can understand the essential

8 Sometimes the pressure gradient force is expressed in terms of a
nondimensional pressure, π = (p/p0)R/cp , often referred to as the Exner

function. In that case, the rhs of (2.75) can be written as −cpθρ
∂π ′
∂z + g

θ ′
ρ

θρ
,

where π ′ is the perturbation Exner function and θρ = θ v if the base
state is unsaturated, as is typically the case. Notice that the buoyancy
term gθ ′

ρ/θρ has the base state density potential temperature in its
denominator, in contrast to the buoyancy term −gρ′/ρ in (2.75).
When the Exner function is used in the pressure gradient force and
buoyancy is written as gθ ′

ρ/θρ , part of the pressure perturbation that
contributes to ρ′ is absorbed by θ ′

ρ , and the remainder of the pressure
perturbation is absorbed by π ′. On the other hand, if the vertical

pressure gradient and buoyancy are written as − 1
ρ

∂p′
∂z and −gρ′/ρ,

respectively, as on the rhs of (2.75), and if the buoyancy is approximated
as −gρ′/ρ ≈ −gρ′/ρ ≈ gθ ′

ρ/θρ , then only part of the contribution of

p′ to ρ′ is included. In summary, replacing −gρ′/ρ with gθ ′
ρ/θρ is an

approximation if the pressure gradient force is expressed in terms of ρ

and p′, and is exact if the pressure gradient force is expressed in terms of
θρ and π ′.
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dynamics without considering the effects of hydrometeors,
water vapor, or pressure perturbations on the buoyancy.
In those instances we commonly will approximate the
buoyancy as B ≈ gθ ′/θ .

2.4 Vorticity and circulation
2.4.1 Vector form of the vorticity

equation

The vorticity of a fluid is a vector field that provides a micro-
scopic measure of the rotation at any location in the fluid,
and is equal to twice the instantaneous rotation rate for a
solid body. Although we do not need vorticity to explain
atmospheric motions, the use of vorticity is often desirable
because pressure is absent from vorticity equations govern-
ing barotropic flows, making it very easy to conceptualize
dynamical processes that might not be so obvious from
consideration of the momentum equations alone.

The vorticity, ω, is defined as the curl of the velocity
field, that is,

ω = ∇ × v =

∣∣∣∣∣∣∣∣
i j k
∂

∂x

∂

∂y

∂

∂z
u v w

∣∣∣∣∣∣∣∣ (2.80)

=
(

∂w

∂y
− ∂v

∂z

)
i +

(
∂u

∂z
− ∂w

∂x

)
j

+
(

∂v

∂x
− ∂u

∂y

)
k (2.81)

= ξ i + ηj + ζk (2.82)

where ξ , η, and ζ are the x, y, and z vorticity components,
respectively. To derive a vorticity equation (i.e., a prognostic
equation for ω), it will be convenient to express (2.43)
in a slightly different form. Using the identity v · ∇v =
∇ |v|2

2 + ω × v, expressing the gravitational acceleration as
g = −∇(gz), and neglecting the components of the Coriolis
acceleration in which w appears, (2.43) can be written as

∂v

∂t
+ ∇

( |v|2
2

− gz

)
+ ω × v = − 1

ρ
∇p − f k × v + F.

(2.83)
If we neglect the small metric terms (i.e., assume that the
coordinate system is Cartesian), taking the curl of (2.83)
leads to

∂ω

∂t
+ ∇ × ω × v = −∇

(
1

ρ

)
× ∇p

+∇ × (−f k × v) + ∇ × F, (2.84)

where ∇ × ∇
(

|v|2
2 − gz

)
= 0 and − 1

ρ
∇ × ∇p = 0 from

the identity ∇ × ∇χ = 0, where χ is any scalar. By way of
vector identities it also can be shown that

∇ × ω × v = ω(∇ · v) − v(∇ · ω)

+(v · ∇)ω − (ω · ∇)v

= ω(∇ · v) + (v · ∇)ω − (ω · ∇)v, (2.85)

where v(∇ · ω) = v(∇ · ∇ × v) = 0. Similarly,

∇ × (−f k × v) = −f k(∇ · v) − (v · ∇)f k

+v(∇ · f k) + f (k · ∇)v. (2.86)

Using (2.85) and (2.86), and noting that −∇ρ−1 = ρ−2∇ρ

and v(∇ · f k) = 0, (2.84) can be written as

∂ω

∂t
+ (ω + f k)(∇ · v) + (v · ∇)(ω + f k)

= [(ω + f k) · ∇]v + 1

ρ2
∇ρ × ∇p + ∇ × F. (2.87)

If incompressibility is assumed (∇ · v = 0), (2.87) can be
expressed as

d(ω + f k)

dt
= ∂ω

∂t︸︷︷︸
local tendency

+(v · ∇)(ω + f k)︸ ︷︷ ︸
advection

= [(ω + f k) · ∇]v︸ ︷︷ ︸
tilting/stretching

+ 1

ρ2
∇ρ × ∇p︸ ︷︷ ︸

baroclinic generation

+∇ × F.︸ ︷︷ ︸
viscous effects

(2.88)

The terms on the lhs of (2.88) are the local tendency and
advective parts of dω/dt, and the terms on the rhs of (2.88)
represent tilting and stretching of vorticity, baroclinic
generation, and viscous effects, respectively.

2.4.2 Horizontal and vertical vorticity
equations

From (2.88) we can obtain equations for the horizontal and
vertical vorticity components:

i · ∂ω

∂t
= ∂ξ

∂t
= −v · ∇ξ + ω · ∇u + f

∂u

∂z

+ 1

ρ2

(
∂ρ

∂y

∂p

∂z
− ∂ρ

∂z

∂p

∂y

)
+ i · ∇ × F (2.89)
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j · ∂ω

∂t
= ∂η

∂t
= −v · ∇η + ω · ∇v + f

∂v

∂z

+ 1

ρ2

(
∂ρ

∂z

∂p

∂x
− ∂ρ

∂x

∂p

∂z

)
+ j · ∇ × F (2.90)

k · ∂ω

∂t
= ∂ζ

∂t
= −v · ∇(ζ + f ) + ω · ∇w + f

∂w

∂z

+ 1

ρ2

(
∂ρ

∂x

∂p

∂y
− ∂ρ

∂y

∂p

∂x

)
+ k · ∇ × F. (2.91)

The terms on the rhs of (2.89)–(2.91), in order, are the
advection of ξ , η, and ζ + f , respectively, the stretching
and/or reorientation of vorticity in/into the x, y, and z
directions, respectively, tilting (in the ξ and η equations)
and stretching (in the ζ equation) of earth’s vorticity,
baroclinic generation, and viscous effects. Note that the
baroclinic generation term has a much larger effect on ξ

and η than on ζ owing to the fact that ρ and p vary much
more in the vertical than in the horizontal.

When the vertical momentum equations are expressed
in terms of pressure perturbations and buoyancy under the
Boussinesq approximation, (2.88) can be written as

∂ω

∂t
= −v · ∇(ω + f k) + (ω + f k) · ∇v

+∇ × Bk + ∇ × F. (2.92)

Similarly, (2.89)–(2.91) can be written as

∂ξ

∂t
= −v · ∇ξ + ω · ∇u + f

∂u

∂z
+ ∂B

∂y

+ i · ∇ × F (2.93)

∂η

∂t
= −v · ∇η + ω · ∇v + f

∂v

∂z
− ∂B

∂x

+ j · ∇ × F (2.94)

∂ζ

∂t
= −v · ∇(ζ + f ) + ω · ∇w + f

∂w

∂z

+ k · ∇ × F. (2.95)

Notice that there is no direct generation of vertical vor-
ticity by baroclinic effects because ∇ × Bk has no vertical
component.

One also can combine (2.93) and (2.94) into one
equation for the horizontal vorticity vector ωh = (ξ , η):

∂ωh

∂t
= −v · ∇ωh + (ω + f k) · ∇vh + ∇ × Bk, (2.96)

where vh = (u, v) is the horizontal wind velocity and
viscous effects have been neglected. The horizontal vorticity
also can be partitioned into components aligned with the
flow and normal to the flow, referred to as streamwise and
crosswise components, respectively. More will be said of this

decomposition in Section 2.7. This partitioning will prove
useful in our discussion of severe storms in later chapters.

2.4.3 Circulation theorems

Circulation is another measure of rotation within a fluid. In
contrast to vorticity, circulation is a scalar and it provides a
macroscopic measure of the rotation within a finite region
of the fluid. The circulation, C, is defined as the line integral
around a circuit of the wind component locally tangent to
the circuit, that is

C =
∮

v · dl =
∮

|v| cos βdl, (2.97)

where dl is an element of the circuit, β is the angle between
v and dl, and the loop through the integral signs indi-
cates that the circuit is closed (Figure 2.3). By convention,
C is evaluated by counterclockwise integration around the
circuit. Stokes’s theorem states that∮

v · dl =
∫

∇ × v · dA, (2.98)

where dA is an element of an arbitrary surface having an
area A, bounded by the circuit about which C is computed.
Therefore,

C =
∫

ω · dA, (2.99)

which implies that the circulation around a circuit is equal
to the surface integral of vorticity, sometimes called the
vorticity flux. Equivalently, the circulation per unit area is
equal to the average vorticity within the area. In the case of
a circular circuit of radius R centered on a vertical vortex
having a tangential velocity V at radius R, the circulation
is C = 2πRV and the mean vorticity is ω = ζ = C/A =
2πRv/πR2 = 2V/R. Although we have centered the circuit
on the axis of rotation in the preceding example, circulation
need not be computed around a circuit centered on the
axis of rotation, and in many situations an axis of rotation
is not even easily identified.

Bjerknes’ circulation theorem can be obtained by taking
the line integral of the inviscid form of (2.43), and making
use of (2.97) and the fact that the line integral about a
closed circuit of a perfect differential is zero:

dC

dt
= −

∮
dp

ρ
− 2


dAe

dt
. (2.100)

The − ∮ dp
ρ

term represents the solenoidal or baroclinic

generation of circulation, and the −2
 dAe
dt term represents

the change in circulation due to the rotation of the earth,
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dA

v

Ω

β
dl

Ae

A

Φ

Figure 2.3 The relationship among dl, v, β, dA, A, and Ae in the calculation of circulation around a closed circuit (red).
The arrows along the circuit indicate the direction of integration.

where Ae is the projection of A onto the equatorial plane,
and changes in Ae modulate C (Figure 2.3). One common
way by which Ae can change is by latitudinal motion of the
circuit about which circulation is evaluated. For example,
a horizontal circuit that moves northward acquires anti-
cyclonic (negative) circulation because Ae increases as the
circuit moves northward, assuming that A does not change.
This is a reflection of the Coriolis force acting to the right
of the winds as the circuit moves north.

Sometimes the −2
 dAe
dt term is combined with dC/dt

such that (2.100) is written as

dCa

dt
= −

∮
dp

ρ
, (2.101)

where Ca = C + 2
Ae is the absolute circulation. In invis-
cid, barotropic conditions (i.e., density is a function of
pressure only), the absolute circulation is conserved fol-
lowing the motion of the circuit, that is,

dCa

dt
= 0, (2.102)

which is also known as Kelvin’s circulation theorem.9

9 William Thomson (1824–1907) was a British physicist and engineer
who was given the title Baron Kelvin (and is most commonly referred to

Below we present an example of how Bjerknes’
circulation theorem can be used to predict the circulation
induced by a horizontal temperature gradient such as
might be found along a mesoscale air mass boundary. If the
Earth’s rotation can be neglected, (2.100) can be written as

dC

dt
= −

∮
Rd Tv d ln p. (2.103)

Consider the case shown in Figure 2.4. Only the vertical
segments of the loop contribute to the line integral because
the quasihorizontal segments are along constant pressure
surfaces. Thus, (2.103) becomes

dC

dt
= Rd ln

(
pb

pt

)
(Tw − Tc) > 0, (2.104)

where pb and pt are the pressures along the bottom and
top of the circuit, respectively (Figure 2.4), and Tw and Tc

are the log-pressure-weighted mean virtual temperatures
along the vertical segments of the circuit on the warm and
cold sides of the circuit, respectively. For pt = 900 mb,

as Lord Kelvin) in honor of his achievements in electricity, thermody-
namics, and modern physics. The title refers to the River Kelvin, which
runs through Glasgow, Scotland, where Lord Kelvin was on the faculty
at the University of Glasgow.
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H

L
pt

pb

Tc
Tw

z

x

Figure 2.4 An example of how Bjerknes’ circulation theorem can be applied to a mesoscale air mass boundary associated
with a horizontal temperature gradient. The relatively cold air mass is shaded blue, and dashed lines indicate surfaces
of constant density. The closed solid line is the loop about which the circulation is to be evaluated (its quasihorizontal
segments follow constant pressure surfaces). The mean virtual temperature in the warm air mass along the circuit is Tw,
and in the cold air mass it is Tc.

pb = 1000 mb, Tw = 300, and Tc = 290 K, (2.104) yields
dC/dt = 302 m2 s−2, which implies an increase in C of
1.09×106 m2 s−1 in 1 h.

The mean tangential wind speed acceleration about the
circuit is (dC/dt)/P, where P [≈ 2(L + H)] is the perimeter
of the quasirectangular circuit shown in Figure 2.4, L is
the horizontal dimension of the circuit, and H is the mean
vertical dimension of the circuit. (The circuit is not a perfect
rectangle because at least one of the pressure surfaces along
which the circuit is drawn must be sloped if a horizontal
density gradient is present; the vertical dimension of the
circuit is shorter in the cold air.) For a circuit that is
30 km wide and has an average depth of 0.9 km (this is
approximately the mean thickness of a layer bounded by
the 1000 mb and 900 mb pressure surfaces for the given
temperatures), a mean tangential wind acceleration about
the circuit of 4.89×10−3 m s−2 is implied. Thus, a mean
tangential wind speed of 17.6 m s−1 is generated in 1 h. The
actual mean tangential speed attained for such a horizontal
temperature gradient might be as little as half this value
owing to the effects of friction.

The average horizontal vorticity generated in 1 h within
the region enclosed by the circuit (Figure 2.4 shows the x-z
plane) is

�〈η〉 = −�C

HL
, (2.105)

where 〈η〉 is the average meridional vorticity component
(η < 0 implies that the horizontal vorticity vector points
out of the page in Figure 2.4) and HL is the area enclosed by
the circuit in the x–z plane. An increase in C of 1.09×106

m2 s−1 implies a change in 〈η〉 of −4.03 × 10−2 s−1.
Alternatively, the above result could have been obtained

from the meridional horizontal vorticity equation, which,

neglecting viscosity and the earth’s rotation, and assum-
ing two-dimensionality (i.e., ∂/∂y = 0), can be written as
[cf. (2.94)]

dη

dt
= −∂B

∂x
= − g

Tv

∂T ′
v

∂x
, (2.106)

where the buoyancy force B is assumed to be B = gT ′
v/Tv

and T ′
v is the virtual temperature perturbation relative to

a mean virtual temperature Tv = Tv(z). Letting Tv = Tw

and T ′
v = Tv − Tw, the area-averaged vorticity equation is

d〈η〉
dt

= − g

HLTv

∫ H

0

∫ L

0

∂T ′
v

∂x
dx dz ≈ g

L

(
Tc

Tw
− 1

)
,

(2.107)
where the approximation is due to the fact that Tc and
Tw were defined to be log-pressure averages rather than
simple vertical averages. For Tw = 300 K and Tc = 290
K as before, we obtain d〈η〉/dt ≈ −1.09×10−5 s−2, which
implies a change in 〈η〉 of −3.92×10−2 s−1 in 1 h. This
result differs slightly from that obtained via (2.104) and
(2.105) because of the substitution of Tw for Tv in (2.107)
and the fact that the P used to convert the circulation
obtained via (2.104) to a mean tangential wind acceleration
is not exactly equal to 2(L + H).

2.4.4 Vortex lines

A vortex line is a curve in the fluid such that its tangent at
any given point gives the direction of the local vorticity.
A vortex line is related to the vorticity vector in the same
way that a streamline is related to the velocity vector.
Vortex lines cannot be broken and they can only terminate
at solid surfaces (e.g., the ground). Moreover, as a result
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Figure 2.5 Vortex lines associated with a tornado in
a simulation by Walko (1993). Courtesy of the American
Geophysical Union.

of Helmholtz’s theorem, in an inviscid, barotropic fluid
(i.e., one in which baroclinic effects and viscosity can be
neglected), vortex lines are ‘frozen’ in the fluid, that is, they
are material lines that move with the flow.10 Vortex lines
near a simulated tornado are shown in Figure 2.5. As one
would probably expect, the vortex lines are nearly erect in
the tornado, turn horizontally at the base of the tornado,
and then extend horizontally several kilometers from the
tornado along the surface.

Vortex lines can aid the visualization of the three-
dimensional vorticity field. The three-dimensional per-
spective provided by vortex lines can expose dynamics that
may not be as apparent in inspections of only one vortic-
ity component at a time. For example, in Chapter 8 we
shall find that the dynamics of midlevel mesocyclogenesis
in supercell thunderstorms is easily demonstrated by way
of vortex lines. The presence of horizontal buoyancy gra-
dients can complicate vortex line analyses in phenomena
such as thunderstorms owing to the virtually unavoidable
baroclinic generation of vorticity by the horizontal buoy-
ancy gradients that accompany the precipitation regions
and vertical drafts of thunderstorms. In the presence of
significant baroclinic vorticity generation, vortex lines may
not even closely approximate material lines. Nonetheless,
vortex line analyses can still be enlightening in that they
can suggest plausible methods of vorticity generation and
reorientation (e.g., observations of vortex rings might lead
one to surmise that a local buoyancy extremum is present
and responsible for the generation of the rings).

10 A number of vector calculus, classical mechanics, and fluid mechanics
theorems have been attributed to the German physician and physicist
Hermann von Helmholtz (1821–1894). The theorem that vortex lines
move as material lines in inviscid, barotropic fluids is sometimes referred
to as Helmholtz’s second theorem of fluid mechanics. Helmholtz’s
fluid mechanics (1858) theorems actually were published prior to
Lord Kelvin’s circulation theorem (1867), which proved Helmholtz’s
theorems.

2.4.5 Ertel’s potential vorticity

A state variable is one that can be expressed as a function of
p and ρ (or p and T) only. If a conservative state variable,
λ, exists (i.e., dλ/dt = 0) and the flow is inviscid, then the
vorticity equation can be used to derive an expression for
the conservation of Ertel’s potential vorticity:

d

dt

[
(ω + f k) · ∇λ

ρ

]
= 0. (2.108)

Equation (2.108) is obtained by adding the dot product
of d[(ω + f k)/ρ]/dt and ∇λ to the dot product of (ω +
f k)/ρ and d(∇λ)/dt. We can obtain d[(ω + f k)/ρ]/dt by
combining the inviscid form of (2.87) with the continuity
equation given by (2.36).

Unfortunately, there are no state variables for both dry
and moist adiabatic motions. For dry adiabatic motions, θ

is a state variable and dθ/dt = 0, whereas θe is not a state
variable (because it is a function of T, p, and rv), although
dθe/dt = 0. For moist adiabatic motions, dθ/dt �= 0, but
θe is a state variable (because rv = rvs, which is a function
of T only) and dθe/dt = 0. Therefore, for dry adiabatic
motions using λ = θ would be appropriate, and for moist
adiabatic motions using λ = θe would be appropriate.

The application of (2.108) can lead to dynamical insight
in a variety of phenomena [e.g., Section 8.4 applies (2.108)
to the problem of mesocyclogenesis in a supercell thun-
derstorm]. For example, suppose that λ = θ and we know
that ζ = 0 at some time, in which case ω is oriented hor-
izontally. Also suppose that ∇θ is directed downward in
a horizontally uniform, unstable environment. Then the
potential vorticity, proportional to ω · ∇θ , is zero; that is,
vortex lines are located within θ surfaces. Moreover, they
are located within θ surfaces for all time (neglecting the
effects of viscosity), since potential vorticity is conserved.
Thus, if we know the future evolution of θ surfaces, we
automatically know the future distribution of vortex lines,
and from this we can make inferences about a number of
things, such as the nature of air motions through the phe-
nomenon and the distribution of pressure perturbations
within the phenomenon.

2.5 Pressure perturbations
Considerable dynamical insight can be gained from being
able to relate the wind and temperature fields to the
pressure field, and vice versa. At many times throughout
the remainder of this book, we shall use the wind and
temperature fields to make inferences about the pressure
field, and this knowledge of the pressure field can then
be exploited to gain understanding of the accelerations
that influence the structure and evolution of a variety of
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mesoscale phenomena. We begin by reviewing pressure
changes in a hydrostatic atmosphere, which can be
interpreted as changes in the weight of the overlying
atmosphere. We then investigate the more general rela-
tionship between pressure and the wind and temperature
(buoyancy) fields, applicable even when the atmosphere
may depart significantly from hydrostatic balance.

2.5.1 Pressure changes in a hydrostatic
atmosphere

In a hydrostatic atmosphere, that is, one in which − 1
ρ

∂p
∂z and

g are approximately in balance so that dw/dt is very small,
the pressure at some level can be viewed as essentially the
weight (per unit horizontal area) of the atmosphere above
this level. In other words,

p(z) = g

∫ ∞

z
ρ dz. (2.109)

To investigate what leads to pressure changes in a hydro-
static atmosphere, we differentiate (2.109) with respect to
time,

∂p

∂t
= g

∫ ∞

z

∂ρ

∂t
dz, (2.110)

where it is understood that p is the pressure at height z.
However, mass conservation mandates that

∂ρ

∂t
= −∂(ρu)

∂x
− ∂(ρv)

∂y
− ∂(ρw)

∂z
. (2.111)

Substituting (2.111) into (2.110) gives

∂p

∂t
= −g

∫ ∞

z

[
∂(ρu)

∂x
+ ∂(ρv)

∂y

]
dz

−g

∫ ∞

z

∂(ρw)

∂z
dz (2.112)

= −g

∫ ∞

z

[
∂(ρu)

∂x
+ ∂(ρv)

∂y

]
dz

−g

∫ ∞

z
d(ρw) (2.113)

= −g

∫ ∞

z

[
∂(ρu)

∂x
+ ∂(ρv)

∂y

]
dz

− [
g(ρw)

∣∣
∞ − g(ρw)

∣∣
z

]
. (2.114)

But ρ = 0 at z = ∞, therefore ρw = 0 at z = ∞, and

∂p

∂t
= −g

∫ ∞

z

[
∂(ρu)

∂x
+ ∂(ρv)

∂y

]
dz + gρw, (2.115)

where w is the vertical velocity at height z. Therefore, hydro-
static pressure changes at height z, which are attributable

to changes in the weight of the atmosphere above height z,
are caused by net mass divergence in the column above
height z [first term on the rhs of (2.115)] and the vertical
advection of mass into or out of the column through the
bottom of the column at height z [second term on the rhs
of (2.115)]. At the ground, where w = 0 (if the ground is
level), the second term on the rhs of (2.115) vanishes.

Another perspective into hydrostatic pressure fluctua-
tions can be obtained by differentiating the hypsometric
equation (2.66) with respect to time, which gives

∂z(pb)

∂t
− ∂z(pt)

∂t
= −Rd

g

∫ pb

pt

∂Tv

∂t
d ln p, (2.116)

where pt and pb are pressure levels at the top and bottom,
respectively, of a layer of arbitrary thickness. From the first
law of thermodynamics, we can obtain an expression for the
local virtual temperature tendency on an isobaric surface,

∂Tv

∂t
= −v · ∇pTv + ωσ + q

cp
, (2.117)

where σ (= −Tv
θv

∂θv
∂p ) is a static stability parameter. Substi-

tution of (2.117) into (2.116) leads to

∂z(pb)

∂t
= −Rd

g

∫ pb

pt

(
−v · ∇pTv + ωσ + q

cp

)
d ln p

+∂z(pt)

∂t
. (2.118)

If we choose the upper pressure level to be very high
in the atmosphere, then we can reasonably assume that
∂z(pt)/∂t ≈ 0, which then gives

∂z(pb)

∂t
= −Rd

g

∫ pb

pt

(
−v · ∇pTv + ωσ + q

cp

)
d ln p.

(2.119)
If we define pb to be near the surface, then we can use
(2.119) to anticipate surface pressure changes qualitatively,
owing to the relationship between surface pressure ten-
dency and height tendency near the ground (height falls
are associated with pressure falls). From (2.119), falling
surface pressure would be anticipated when the mean vir-
tual temperature of the overlying column of air increases
owing to warm advection, adiabatic warming associated
with subsidence, or diabatic heating such as that due to
radiation or latent heat release. Rising surface pressure
would be anticipated when the mean virtual tempera-
ture of the overlying column of air decreases owing to
cold advection, adiabatic cooling associated with ascent,
or diabatic cooling. Some examples of mesoscale pressure
changes that can be considered to be due to hydrostatic
effects include the lowering of surface pressure in regions of
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compensating subsidence, where adiabatic warming low-
ers the density in the column (e.g., the wake depressions
and inflow lows of mesoscale convective systems), and the
increase of surface pressure in regions where evaporative
cooling increases density (e.g., mesohighs within mesoscale
convective systems).

2.5.2 Hydrostatic and nonhydrostatic
pressure perturbations

There are many mesoscale phenomena for which the hydro-
static approximation is not a good one (i.e., dw/dt is
significant). In such instances, pressure perturbations can-
not be deduced accurately using an integrated form of the
hydrostatic equation like that used above. Moreover, it is
often more intuitive to partition variables into base state
values and perturbations from the base state. In principle,
any base state can be specified, but we typically choose a
base state that is representative of some average state of the
atmosphere in order to facilitate interpretation of what the
deviations from the base state imply. For example, a hor-
izontally homogeneous, hydrostatic base state is the most
common choice.

Let us describe the total pressure p and density ρ as the
sum of a horizontally homogeneous base state pressure and
density, and a deviation from this base state, that is,

p(x, y, z, t) = p(z) + p′(x, y, z, t) (2.120)

ρ(x, y, z, t) = ρ(z) + ρ ′(x, y, z, t), (2.121)

where the base state is denoted with overbars, the deviation
from the base state is denoted with primes, and the base state
is defined such that it is in hydrostatic balance ( ∂p

∂z = −ρg).
The perturbation pressure, p′, can be represented as

the sum of a hydrostatic pressure perturbation p′
h and a

nonhydrostatic pressure perturbation p′
nh, that is,

p′ = p′
h + p′

nh. (2.122)

The former arises from density perturbations by way of the
relation

∂p′
h

∂z
= −ρ ′g, (2.123)

which allows us to rewrite the inviscid form of (2.56) as

dw

dt
= − 1

ρ

∂p′
nh

∂z
. (2.124)

Hydrostatic pressure perturbations occur beneath buoyant
updrafts (where p′

h < 0) and within the latently cooled
precipitation regions of convective storms (where
p′

h > 0) (e.g., Figure 5.23). The nonhydrostatic pressure

perturbation is simply the difference between the total
pressure perturbation and hydrostatic pressure pertur-
bation and is responsible for vertical accelerations. An
alternate breakdown of pressure perturbations is provided
below.

2.5.3 Dynamic and buoyancy pressure
perturbations

Another common approach used to partition the pertur-
bation pressure is to form a diagnostic pressure equation
by taking the divergence (∇·) of the three-dimensional
momentum equation. We shall use the Boussinesq momen-
tum equation for simplicity, which can be written as
[cf. (2.43)]

∂v

∂t
+ v · ∇v = −α0∇p′ + Bk − f k × v (2.125)

where α0 ≡ 1/ρ0 is a constant specific volume and the
Coriolis force has been approximated as −f k × v. The use
of the fully compressible momentum equations results in
a few additional terms upon taking the divergence, but
the omission of these terms does not severely hamper a
qualitative assessment of the relationship between pressure
perturbations and the wind and buoyancy fields derived
from the Boussinesq momentum equations.

The divergence of (2.125) is

∂(∇ · v)

∂t
+ ∇ · (v · ∇v) = −α0∇2p′ + ∂B

∂z

−∇ · (f k × v). (2.126)

Using ∇ · v = 0, we obtain

α0∇2p′ = −∇ · (v · ∇v) + ∂B

∂z
− ∇ · (f k × v). (2.127)

After evaluating ∇ · (v · ∇v) and ∇ · (f k × v), we obtain

α0∇2p′ = −
[(

∂u

∂x

)2

+
(

∂v

∂y

)2

+
(

∂w

∂z

)2
]

−2

(
∂v

∂x

∂u

∂y
+ ∂w

∂x

∂u

∂z
+ ∂w

∂y

∂v

∂z

)

+∂B

∂z
+ f ζ − βu, (2.128)

where ζ = ∂v
∂x − ∂u

∂y and β = df /dy. The last term on the
rhs of (2.128) is associated with the so-called β effect and is
small, even on the synoptic scale. The second-to-last term
on the rhs of (2.128) is associated with the Coriolis force.
The remaining terms will be discussed shortly.
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On the synoptic scale, the Coriolis force tends to domi-
nate (2.128) and, neglecting the β effect, we obtain

α0∇2p′ = f ζ. (2.129)

The Laplacian of a wavelike variable away from boundaries
tends to be positive (negative) where the perturbations of
the variable itself are negative (positive). Thus, ∇2p′ ∝ −p′
and

p′ ∝ −f ζ , (2.130)

which is the familiar synoptic-scale relationship between
pressure perturbations and flow curvature: anticyclonic
flow is associated with high pressure and cyclonic flow is
associated with low pressure.

Hereafter, we shall neglect the terms in (2.128) associated
with the Coriolis force and β effect. Also, it will be helpful to
rewrite (2.128) in terms of vorticity (ω) and the deformation
tensor (also known as the rate-of-strain tensor), eij, such
that

α0∇2p′ = −e2
ij + 1

2
|ω|2 + ∂B

∂z
, (2.131)

where

e2
ij = 1

4

3∑
i=1

3∑
j=1

(
∂ui

∂xj
+ ∂uj

∂xi

)2

(2.132)

and u1 = u, u2 = v, u3 = w, x1 = x, x2 = y, and x3 = z.
Deformation describes the degree to which a fluid element
changes shape as a result of spatial variations in the velocity
field (e.g., fluid elements can be stretched or sheared by
velocity gradients).

For well-behaved fields (i.e., ∇2p′ ∝ −p′),

p′ ∝ e2
ij︸︷︷︸

splat

−1

2
|ω|2︸ ︷︷ ︸

spin︸ ︷︷ ︸
dynamic pressure perturbation

−∂B

∂z︸ ︷︷ ︸
buoyancy pressure perturbation

.

(2.133)
We see that deformation is always associated with high
perturbation pressure via the e2

ij term, sometimes known
as the splat term.11 Rotation (of any sense) is always
associated with low pressure by way of the |ω|2 term,
sometimes referred to as the spin term. We know that,
hydrostatically, warming in a column leads to pressure falls
in the region below the warming. The ∂B/∂z or buoyancy
pressure term partly accounts for such hydrostatic effects.

11 The informal, and perhaps a bit humorous, name of the splat term
originates from the field of fluid dynamics, presumably because the term
is large when fluid elements are deformed by velocity gradients in a way
that is similar to how a fluid element would flatten if impacted against
an obstacle.

Low- (high-) pressure perturbations occur below (above)
regions of maximum buoyancy (e.g., below and above a
region of maximum latent heat release). Although it is
tempting to regard the terms on the rhs of (2.133) as
forcings for p′, (2.133) is a diagnostic equation rather than
a prognostic equation. In other words, the terms on the rhs
of (2.133) are associated with pressure fluctuations, rather
than being the cause of the pressure fluctuations.

Pressure fluctuations associated with the first two terms
on the rhs of (2.133) are sometimes referred to as dynamic
pressure perturbations, p′

d, whereas pressure perturbations
associated with the third term on the rhs of (2.133) some-
times are referred to as buoyancy pressure perturbations, p′

b,
where

p′ = p′
d + p′

b, (2.134)

and

α0∇2p′
d = −e2

ij +
1

2
|ω|2 (2.135)

α0∇2p′
b = ∂B

∂z
. (2.136)

Comparison of the partitioning of pressure perturbations
in this section with that performed in the previous section
[compare (2.122) with (2.134)] reveals that the nonhydro-
static pressure perturbation, p′

nh, comprises the dynamic
pressure perturbation, p′

d, and a portion of the buoyancy
pressure perturbation, p′

b. The hydrostatic pressure pertur-
bation, p′

h, comprises the remainder of p′
b. It can be shown

that − 1
ρ

∂p′
b

∂z + B is independent of the specification of the
somewhat arbitrary base state ρ(z) profile, unlike B and

− 1
ρ

∂p′
b

∂z , which individually depend on the base state. For

this reason, diagnostic studies often evaluate − 1
ρ

∂p′
b

∂z + B
collectively and refer to it as the buoyancy forcing. In
such instances, B is sometimes referred to as the thermal
buoyancy.12

Examples of the pressure perturbation fields associated
with a density current (Section 5.3.2) and a buoyant, moist
updraft are presented in Figures 2.6 and 2.7. In the case of
the density current (Figure 2.6), positive p′

h and p′
b are found

within the cold anomaly, with the maxima at the ground. A
discrete excess in total pressure is present at the leading edge
of the density current. This high pressure is a consequence
of p′

nh > 0 and p′
d > 0 and the fact that

(
∂u
∂x

)2
is large there.

There is also a prominent area of p′ < 0 (and p′
d < 0)

centered behind the leading edge of the density current,
near the top of the density current, associated with the
horizontal vorticity that has been generated baroclinically.
In the case of the moist, buoyant updraft (Figure 2.7),

12 Additional discussion is provided by Doswell and Markowski (2004).
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Figure 2.6 The pressure perturbations associated with a numerically simulated density current. The horizontal and vertical
grid spacing of the simulation is 100 m. The ambient environment is unstratified. The domain shown is much smaller
than the actual model domain used in the simulation. Potential temperature perturbations (θ ′) are shown in each panel
(refer to the color scale). Wind velocity (v) vectors in the x-z plane are shown in the top left panel (a reference vector
is shown in the corner of this panel). Pressure perturbations are presented in the other panels. Units are Pa; the contour
interval is 25 Pa = 0.25 mb (dashed contours are used for negative values). Note that p′ = p′

h + p′
nh = p′

d + p′
b. The p′

b

field was obtained by solving ∇2p′
b = ∂(ρB)

∂z , where ρ is the base state density, using periodic lateral boundary conditions

and assuming
∂p′

b
∂z = 0 at the top and bottom boundaries. (Regarding the boundary conditions, all that is known is that

∂p′
∂z = ρB at the top and bottom boundaries, owing to the fact that dw/dt = 0 at these boundaries, but it is somewhat

arbitrary how one specifies the boundary conditions for
∂p′

b
∂z and

∂p′
d

∂z individually.) Because of the boundary conditions
used, the retrieved p′

b field is not unique. A constant was added to the retrieved p′
b field so that the domain-averaged p′

b
field is zero. The p′

d field was then obtained by subtracting p′
b from the total p′ field.

a region of p′
h < 0 (and p′

nh > 0) is located beneath the
buoyant updraft. A region of p′

d > 0 exists above (below)
the maximum updraft where horizontal divergence (con-
vergence) is strongest;

(
∂u
∂x

)2
is large in both regions. On

the flanks of the updraft, p′
d < 0 as a result of the horizon-

tal vorticity that has been generated baroclinically by the
horizontal buoyancy gradients. The total p′ field opposes

the upward-directed buoyancy force, in large part as a
result of the p′

b field (i.e., the p′ and p′
b fields are well-

correlated).
It is often useful to partition the wind field into a mean

flow with vertical wind shear representing the environment
(denoted with overbars) and departures from the mean
(denoted with primes); i.e., let u = u + u′, v = v + v′, and
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Figure 2.7 As in Figure 2.6, but for the case of a warm bubble released in a conditionally unstable environment. The
bubble had an initial potential temperature perturbation of 2 K, a horizontal radius of 5 km, and a vertical radius of 1.5 km.
The bubble was released 1.5 km above the ground. The fields shown above are from 600 s after the release of the bubble.
The environment has approximately 2200 J kg−1 of CAPE and is the environment used in the simulations of Weisman and
Klemp (1982). The horizontal and vertical grid spacing is 200 m (the domain shown above is much smaller than the actual
model domain). The contour interval is 25 Pa (0.25 mb) for p′, p′

b, and p′
d. The contour interval is 50 Pa (0.50 mb) for p′

h
and p′

nh.

w = w′. Then (2.133) becomes

p′ ∝ e′2
ij − 1

2
|ω′|2︸ ︷︷ ︸

nonlinear dynamic pressure perturbation

+2

(
∂w′

∂x

∂u

∂z
+ ∂w′

∂y

∂v

∂z

)
︸ ︷︷ ︸

linear dynamic pressure perturbation

−∂B

∂z︸ ︷︷ ︸
buoyancy pressure perturbation

.(2.137)

where e′
ij and ω′ are the deformation and vorticity

perturbations, respectively. The dynamic pressure terms

involving spin and splat are referred to as nonlinear dynamic
pressure terms, whereas the remaining dynamic pressure
terms are referred to as linear dynamic pressure terms
because they include only one perturbation quantity per
term.

The linear dynamic pressure terms can be written as

2

(
∂w′

∂x

∂u

∂z
+ ∂w′

∂y

∂v

∂z

)
= 2S · ∇hw

′ (2.138)

where S = (∂u/∂z, ∂v/∂z) is the mean vertical wind shear
and ∇hw

′ is the horizontal gradient of the vertical velocity
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perturbation. From (2.138) it is apparent that high- (low-)
pressure perturbations are found upshear (downshear) of
an updraft, such that a high-low pressure couplet is aligned
with the vertical wind shear vector at a given level. We
can relate this to (2.131) by noting that the pressure field
depends on the squares of both the total (i.e., base state plus
perturbation) deformation and the total vorticity. Noting
that (a + b)2 = a2 + 2ab + b2, and relating a to the base
state terms and b to the perturbation terms, we see that
the dynamic part of the rhs of (2.131) can be interpreted
as the perturbation quantities squared plus the base state
quantities squared (which do not appear explicitly because
a base state consisting of only vertical shear is a combina-
tion of deformation and vorticity that leads to cancellation
of the purely base state dynamic terms), with the remaining
linear term representing the net result of the ‘2ab’-type
terms in the squares of total deformation and total vortic-
ity. These ‘2ab’ terms cause the square of either total field
to be greater (less) than the sum of the square of the base
state field and the square of the perturbation field if the
base state and perturbation fields have the same (opposite)
sign. Thus, when the perturbation fields are added to the

base state, on the upshear (downshear) side of the updraft,
the deformation due to the gradient in w′ acts in the same
(opposite) sense as the deformation inherent to the base
state shear (Figure 2.8a). Conversely, on the upshear (down-
shear) side of the updraft, the vorticity is of the opposite
(same) sense as that of the base state shear (Figure 2.8b).
Thus, on the upshear (downshear) side, the linear term
accounts for increased (decreased) deformation squared
and decreased (increased) rotation squared for the total
wind field compared to that predicted by summing only
the separate squares of the base state and the perturbation
terms. These influences on deformation squared and vor-
ticity squared both lead to a higher (lower) pressure on
the upshear (downshear) flank. (It is worth noting that
the linear term is only one influence on the pressure. For
example, if the perturbation horizontal vorticity associated
with the vortex ring surrounding the updraft is sufficiently
large, a low pressure could still exist in both the upshear
and downshear directions. However, assuming this vortex
ring is fairly symmetric it would not result in a pressure
gradient across the updraft, and the linear term would still
dominate the direction of this pressure gradient, in this

(a) (b)

Figure 2.8 (a) Illustration showing how the deformation associated with the mean vertical wind shear acts in the same
(opposite) sense as that associated with the gradient of w′ on the upshear (downshear) flank of an updraft. The blue
vectors give a sense of the increase in westerly winds with height (the shear points toward the right, thus the upshear flank
is the left flank, and the downshear flank is the right flank), and the red vectors give a sense of the horizontal gradient
of (perturbation) vertical velocity. The sense of how a fluid element would be deformed by the mean and perturbation
wind gradients is shown schematically via the light blue and pink polygons, respectively. The black dashed lines indicate
the axes along which the fluid elements are elongated by the shear. (b) Illustration showing how the vorticity associated
with the mean vertical wind shear points in the opposite (same) direction as that associated with the gradient of w′ on
the upshear (downshear) flank of an updraft. The light blue curved arrows indicate the sense of rotation associated with
the mean wind shear, and the pink curved arrows indicate the sense of rotation associated with the updraft (i.e., the
perturbation wind field).
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case from low pressure on the upshear flank toward even
lower pressure on the downshear flank.)

2.5.4 Bernoulli equations

The assumption that ∇2p′ ∝ −p′ generally is satisfactory
for well-behaved fields and away from the ground, but
near the ground (a physical boundary) the diagnostic pres-
sure equation we derived in the previous section may
not necessarily predict the correct pressure perturbation,
owing to a lack of consideration of boundary conditions
in making the ∇2p′ ∝ −p′ assumption. Pressure pertur-
bations must be inferred using some other means, and a
class of equations called Bernoulli equations is often useful.
Bernoulli equations can be formulated if the flow is steady
or if it is irrotational (the flow must also be inviscid and in an
inertial reference frame, i.e., no friction or Coriolis force).
Here we shall look at the steady-flow case (∂/∂t = 0).

Let us again write the momentum equation, this time as

∂v

∂t
+ v · ∇v = − 1

ρ
∇p − gk. (2.139)

If the flow is steady, then ∂v/∂t = 0. Also, we can use
vector identities to express v · ∇v as ∇|v|2/2 + ω × v.
Furthermore, we can write gk as ∇gz. We thus obtain

∇ |v|2
2

+ ω × v + 1

ρ
∇p + ∇gz = 0. (2.140)

Hereafter we shall write |v| as v. If we take dr· (2.140),
where dr = (dx i + dy j + dz k) (dr is an infinitesimal
distance along a streamline), and note that dr · ω × v = 0
because ω × v points normal to a streamline, then (2.140)
becomes

d

(
v2

2

)
+ dp

ρ
+ d(gz) = 0 (2.141)

along a streamline, and integrating (2.141) gives

v2

2
+

∫
dp

ρ
+ gz = constant (2.142)

along a streamline, such that the lhs of (2.142) is con-
served along streamlines (which are also trajectories because
∂/∂t = 0). Equation (2.142) is called a Bernoulli equation.
If ρ is constant and equal to ρ0 (incompressibility assumed),
then (2.142) can be written as

v2

2
+ p

ρ0
+ gz = constant, (2.143)

which is another Bernoulli equation.

If the equation of motion is written in terms of the
perturbation pressure gradient and buoyancy forces, i.e.,

∂v

∂t
+ v · ∇v = − 1

ρ
∇p′ + Bk, (2.144)

then instead of (2.142) we obtain a Bernoulli equation of
the form

v2

2
+

∫
dp′

ρ
−

∫
B dz = constant. (2.145)

Because θ rather than ρ tends to be conserved along
trajectories, it is sometimes useful to express the pressure
gradient force in terms of nondimensional pressure
(i.e., the Exner function), π = (p/p0)R/cp = T/θ , such
that ρ−1∇p = −cpθ∇π . The corresponding Bernoulli
equation derived in the same manner as (2.143), assuming
θ is a constant along a streamline/trajectory (dry adiabatic
motion), is

v2

2
+ cpθπ + gz = v2

2
+ cpT + gz

= v2

2
+ RT + cvT + gz

= v2

2
+ p

ρ
+ cvT + gz

= constant. (2.146)

2.6 Thermodynamic diagrams
The analysis of soundings is important in many mesoscale
meteorology and forecasting applications treated in this
book, such as the evolution of the atmospheric boundary
layer, convection initiation, the organization of thunder-
storms, lake-effect snow, phenomena related to the blocking
of winds by topographic barriers, and severe downslope
winds. A thermodynamic diagram plots pressure, tempera-
ture, and moisture observations from a sounding such that
the equation of state, the Clausius-Clapeyron equation, and
the first law of thermodynamics for dry adiabatic and moist
or pseudoadiabatic processes are satisfied. Cyclic processes
can be represented on thermodynamic diagrams by a closed
curve, and on many thermodynamic diagrams the area
enclosed is directly proportional to the work done in the
process.13 Although a large number of individual thermo-
dynamic diagrams accomplish this general task, the most

13 For example, the amount of energy associated with a parallelogram
bounded by isobars and isotherms on a skew T –log p diagram is given
by Rd �(ln p) �T, where �(ln p) and �T are the dimensions of the
parallelogram. Also see Doswell (1991b).
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widely used diagram, especially within the United States,
is the skew T –log p diagram. Only a brief review appears
below; we assume that readers have been introduced to
thermodynamic diagrams elsewhere.

It is essential that the reader be familiar with the differ-
ent thermodynamic processes that can be represented on a
thermodynamic diagram (Figure 2.2). For example, because
potential temperature and water vapor mixing ratio are con-
served in a dry adiabatic process, the lifting condensation
level (LCL) or saturation point (defined by T∗ and p∗, the
saturation pressure) of a parcel lifted from a particular pres-
sure level can be found by locating the intersection of the dry
adiabat (isentrope) and the constant mixing ratio line that
pass through the potential temperature and mixing ratio,
respectively, of the parcel to be lifted (Figures 2.2 and 2.9).
The temperature of a parcel that is lifted moist adiabatically
beyond its saturation pressure is found by following the
pseudoadiabat that passes through the saturation point of
the lifted parcel. The lifted parcel approximately conserves
its θe and θw for both the unsaturated and saturated por-
tions of its ascent. The level of free convection (LFC) is where
the lifted parcel becomes warmer than the environmen-
tal temperature, and if an LFC exists the equilibrium level
(EL) is defined to be the height at which a buoyant lifted
parcel becomes neutrally buoyant, that is, the height above
the LFC at which the parcel temperature is equal to the
environmental temperature (Figure 2.9).

The area bounded by the environmental temperature
trace and pseudoadiabat followed by a saturated parcel
lifted from its LFC to EL is often referred to as the positive
area and is proportional to the convective available potential
energy (CAPE; Figure 2.9). Conversely, the area bounded
by the environmental temperature trace and the path taken
on a thermodynamic diagram by a negatively buoyant
air parcel, usually from the surface to the LFC, is often
referred to as the negative area and is proportional to the
convective inhibition (CIN). CAPE and CIN are defined as

CAPE =
∫ EL

LFC
B dz ≈ g

∫ EL

LFC

T ′
v

Tv
dz (2.147)

CIN = −
∫ LFC

0
B dz ≈ −g

∫ LFC

SFC

T ′
v

Tv
dz, (2.148)

where z = 0 at the surface, the buoyancy B has been
expressed in terms of the virtual temperature perturbation
of the lifted parcel (T ′

v) relative to the virtual tempera-
ture of the environment (Tv), and the virtual temperature
of the lifted parcel is Tv = Tv + T ′

v. CAPE is propor-
tional to the kinetic energy that a parcel can gain from
its environment as a result of the contribution of buoy-
ancy to the vertical acceleration. CIN is equal to the

work that must be done against the stratification to lift
a parcel of air to its LFC. In typical severe storm environ-
ments, CAPE values � 1000 J kg−1 are usually considered
small, whereas values � 2500 J kg−1 are usually consid-
ered large. CIN values � 10 J kg−1 are usually considered
small, whereas values � 50 J kg−1 are usually considered
large.

One often underappreciated aspect of computing CIN
and CAPE is the effect of moisture on the calculation.14 In
contrast to (2.147) and (2.148), CAPE and CIN frequently
are computed using temperature instead of virtual temper-
ature (or potential temperature instead of virtual potential
temperature). The amount of CIN and CAPE computed
using virtual temperature can differ significantly from the
CIN and CAPE computed using temperature. For example,
in Figure 2.9, which displays the positive and negative
areas both with and without the inclusion of moisture, the
CAPE increases by roughly 10% when virtual temperature
effects are included, but, even more importantly, the CIN
is reduced from 35 J kg−1 to 1 J kg−1 —this is the differ-
ence between having a virtually insurmountable amount
of CIN (and thus almost no chance of thunderstorm
initiation) versus practically no CIN at all (and thunder-
storm initiation very likely)—when virtual temperature
is considered in the calculations. In typical daytime tem-
perature and moisture profiles, CAPE (CIN) values are
increased (decreased) when the effects of moisture are
included.

Along similar lines, a quantity known as downdraft
CAPE or DCAPE is related to the amount of kinetic energy
that can be realized by a saturated downdraft en route to
the ground. For an air parcel descending from height z = h
to the surface (z = 0), DCAPE is computed by cooling and
saturating the parcel to the wet-bulb temperature at z = h,
following a pseudoadiabat from the wet-bulb temperature
of the parcel at z = h to z = 0, and then integrating the
negative buoyancy along the path, that is,

DCAPE = g

∫ 0

h

T ′
v

Tv
dz, (2.149)

where the effects of water vapor on the negative buoyancy
have been included, as in (2.147) and (2.148) (Figure 2.10).
One difficulty in using the above expression to predict
downdraft speeds is the fact that the depth of the layer over
which DCAPE should be integrated is usually not obvious,
and downdraft parcels are often unsaturated for part of their
excursions (i.e., parcels may not follow a pseudoadiabat all
the way to the ground). For these reasons and others
that will not be discussed until convective outflows and

14 For example, see Doswell and Rasmussen (1994).
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Figure 2.9 Skew T –log p diagram obtained from the Del Rio, Texas, sounding at 1800 UTC 14 May 2008. The temperature
and dewpoint profiles are solid green (dewpoints are not plotted above 500 mb because they were unreliable above 500 mb).
The virtual temperature profile is indicated with the dashed green line. The solid blue line indicates the temperature of a
parcel of air lifted from the surface to its lifting condensation level (LCL), level of free convection (LFC), and equilibrium
level (EL). The dashed blue line indicates the virtual temperature of the parcel. The LFC, CAPE, and CIN computed
by including virtual temperature effects are LFCTv, CAPETv, and CINTv, respectively. The LFC, CAPE, and CIN based on
temperature alone (the effect of moisture on buoyancy is neglected) are LFCT , CAPET , and CINT , respectively. The positive
and negative areas for the solid blue parcel trajectory (proportional to CAPET and CINT , respectively) are shaded light
orange and light blue, respectively. The positive area for the dashed blue parcel trajectory (proportional to CAPETv; the
negative area is virtually nonexistent) encompasses both the orange area and the area that is shaded light green.

downdrafts are discussed later in the book (Sections 5.3.1
and 10.3.1), DCAPE is generally not as good at predicting
the maximum downdraft speed as CAPE is at predicting
the maximum updraft speed (although, as will be discussed
in Section 3.1.2, CAPE also has its limits in predicting
maximum updraft speeds).

2.7 Hodographs
2.7.1 Hodograph basics

The specification of a vector requires at least two quantities;
for wind vectors, this often takes the form of speed (|v|)
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Figure 2.10 Skew T –log p diagram obtained from the Del Rio, Texas, sounding at 1800 UTC 14 May 2008 (this is the
same sounding as appeared in Figure 2.9). The temperature and dewpoint profiles are solid green. The virtual temperature
profile is indicated with the dashed green line. The solid blue line indicates the temperature of a parcel descending moist
adiabatically from 700 mb, and the dashed blue line indicates the virtual temperature of the descending parcel. DCAPET

and DCAPETv are the DCAPE values computed based on temperature alone and including the effects of both temperature
and moisture on buoyancy, respectively. The negative area for the solid blue parcel trajectory (proportional to DCAPET) is
shaded light blue. The negative area for the dashed blue parcel trajectory (proportional to DCAPETv) encompasses both the
light blue area and the area shaded light green.

and direction (θ). A vertical wind profile consists of a set of
wind speeds and directions at various heights. The vectors
composing the vertical wind profile are commonly plotted
in |v|–θ space or u–v space. A plot of the curve connecting
the tips of the wind vectors defining the vertical wind profile
is called a hodograph (Figure 2.11).15

In looking at the hodograph in Figure 2.11, it is apparent
that it provides information about how the wind changes
with height, that is, the vertical wind shear. For any two
points along the hodograph, the vector wind difference
(�v) between those heights is a vector connecting the points
(Figure 2.11). Thus, long hodographs imply a large vertical
wind shear magnitude. As the difference between the two
heights (�z) becomes infinitesimally small, �v/�z →
∂v/∂z, which defines the vertical wind shear vector S =
∂v/∂z at any given height, and this vector is tangent
to the hodograph. Thus, the curvature of a hodograph
provides information about how the vertical shear changes
direction with height. When the wind direction itself turns
counterclockwise with height, the wind is said to be backing
with height. When the wind direction turns clockwise with
height, the wind is said to be veering with height. Note that

15 The use of hodographs is believed to have originated with the
Irish mathematician and physicist Sir William Hamilton (1805–1865)
(Goodstein and Goodstein 1996), who is probably best known for his
reformulation of classical mechanics and the use of Hamiltonians
(Hamiltonians also have been employed in quantum mechanics).
Hamilton used hodographs in his explanation of planetary motions
such that the hodograph was used to depict the velocity of a planet
moving around the sun as a function of time. Such a hodograph traces
an ellipse.
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Figure 2.11 A hodograph (blue curve) and its relation-
ship to the horizontal winds (blue vectors), which are
drawn at five different levels (the labels along the hodo-
graph indicate heights above ground level in kilometers).
The point on the hodograph labeled ‘‘0’’ is the lowest
altitude where the wind is measured, which typically is
a few meters above the ground rather than z = 0 m (the
horizontal wind goes to zero at z = 0). The vector wind
difference between the winds at the top and bottom of
each layer also are shown (red vectors). The shear vector
at a point between 2 and 3 km also is shown (green
vector); it lies tangent to the hodograph.

veering and backing of winds with height do not imply
anything about the curvature of a hodograph.

If the horizontal gradient of vertical velocity is small
relative to the vertical wind shear, then the horizontal
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vorticity ωh can be written as

ωh ≈
(

−∂v

∂z
,
∂u

∂z

)
= k × S; (2.150)

that is, ωh has the same magnitude as the vertical shear
and points 90◦ to the left of ∂v/∂z (Figure 2.12). A
hodograph often is assumed to depict a base state (i.e., the
‘environment’) having horizontal wind components of u
and v, just as temperature measurements from a sounding
are used as values of T in calculations of CAPE. The base
state vertical velocity (w) usually is assumed to be very
small, if not zero, such that its horizontal gradients are
negligible compared to the vertical gradients of u and v.

A significant fraction of the vertical wind shear present
in a hodograph is the result of the large-scale horizontal
temperature gradient via the thermal wind relation given by
(2.67). However, vertical wind shear also can be present in
the absence of large-scale baroclinity. For example, friction
plays a role in creating vertical wind shear within the
boundary layer, owing to the fact that the effects of friction
decrease with height, becoming negligible at the top of
the boundary layer. An analytical wind profile containing
vertical wind shear—the Ekman spiral—can be derived by
assuming the presence of boundary layer friction and no
ambient baroclinity (Section 4.1.4). Large accelerations of
the horizontal wind, which imply a significant ageostrophic
wind, also can contribute to vertical wind shear in ways not
predicted by the thermal wind relation. For example, near
jet streaks or rapidly moving and/or intensifying cyclones,

v
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Figure 2.12 Diagram of a hodograph [u(z), v(z)] depict-
ing the storm motion vector c, storm-relative wind vector
v − c, shear vector S, and environmental horizontal vor-
ticity vector ωh. When S is a good representation of the
thermal wind (i.e., when winds are close to geostrophic),
ωh points toward the cold air and v · ωh is porportional
to temperature advection. The streamwise and crosswise
vorticity components, ωs and ωc, respectively, are also
indicated.

the observed vertical wind shear can differ substantially
from the geostrophic vertical wind shear.16

2.7.2 Mean wind on a hodograph
and storm-relative winds

Although it is generally difficult to obtain the exact mean
wind velocity within a layer without numerically averaging
the wind data obtained within the layer, the mean wind
velocity within a layer can usually be estimated reasonably
well from a casual inspection of the hodograph. If a hodo-
graph is straight in the layer within which the mean wind
velocity is desired, the mean wind must lie somewhere on
the hodograph. The position of the mean wind velocity on
the hodograph can be estimated by interpolating between
wind observations at specific heights along the hodograph
(e.g., the mean wind must lie between the points that corre-
spond to the minimum and maximum wind speeds within
the layer). If the hodograph is curved in the layer within
which the mean wind velocity is desired, the mean wind
must lie on the concave side of the hodograph. The position
of the mean wind velocity on the concave side of the hodo-
graph can also be estimated by considering the minimum
and maximum wind components within the layer.

Hodographs are most often used in the forecasting of
convective storms (both their movement and organization
can be predicted by the hodograph characteristics). In their
early stages, convective storms tend to move with roughly
the mean wind velocity averaged over the depth of the
storm. Thus, if a hodograph is straight, the storm motion
tends to be on the hodograph. For a curved hodograph,
initial storm motion tends to be on the concave side
of the hodograph. When convective storms have reached
maturity (e.g., large evaporatively-driven cold pools exist
at the ground, precipitation regions are extensive), storm
motions may deviate from the mean wind velocity owing
to propagation effects, such as new updrafts being triggered
by a gust front moving with a velocity different from
the velocity of individual convective elements, or perhaps
strong dynamic pressure gradients forcing new updrafts
on the flank of a storm. For example, many severe storms
actually move to the right of the mean wind velocity during
their mature phase.

In convective storm applications, we shall also find later
that it is most appropriate to consider the winds in the
reference frame moving with the convection. Consider the
flow as seen by an observer moving along with a storm.
Given a particular wind vector v, for a storm moving with
a vector velocity c, the wind in a storm-relative reference
frame can be obtained by subtracting the storm motion;

16 A more lengthy discussion of the processes contributing to vertical
wind shear is provided by Doswell (1991).
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thus, the storm-relative wind is v − c. Storm-relative winds
are easy to obtain from a hodograph if the storm motion is
known or predicted from the hodograph (Figure 2.12) by
simply moving the hodograph origin to the (u, v) location
corresponding to storm motion.

2.7.3 Directional shear versus speed shear

Although the definition of vertical wind shear does not
distinguish between wind shear that results primarily from
wind direction variations with height versus wind speed
variations with height, vertical wind shear commonly
is identified as being either directional or speed shear.
Directional shear usually refers to variations of the ground-
relative wind direction with height (expressed in degrees
per vertical distance), whereas speed shear most commonly
refers to variations in ground-relative wind speed with
height. However, directional shear has also occasionally
referred to the change in direction of the wind shear vec-
tor, rather than the horizontal wind vector, with height,
and the terms unidirectional or one-directional shear have
commonly been used to describe a shear vector that does
not change direction with height. These classifications of
the vertical wind shear, which describe whether a hodo-
graph is curved (directional or directionally varying shear)
or straight (unidirectional shear), have been used exten-
sively within the convective storm community because the
shape and length of the hodograph, which determine the
vertical profiles of wind shear and storm-relative winds, are
much more dynamically relevant than the vertical profile
of ground-relative winds. Furthermore, in some contexts,
directional shear and speed shear refer to variations in
the storm-relative wind direction and speed with height,
respectively.

Consider the idealized hodographs depicted in
Figure 2.13. Hodographs A and A′ are identical in
length and shape (both are straight), but hodograph
A′ has been shifted by adding −5 m s−1 (10 m s−1)
to the zonal (meridional) wind speeds of the points
comprising hodograph A. Hodographs A and A′ both have
unidirectional shear as defined by the variation of the wind
shear vector with height (the shear is westerly at all levels),
but have very different degrees of directional wind shear
if directional shear is defined as the angular turning of the
ground-relative wind vector with height (0◦ of veering in
the case of hodograph A; ∼90◦ of veering in the case of
hodograph A′). Likewise, hodographs B and B′ are identical
in length and shape (both are half-circles), but hodograph
B′ has been shifted by adding 20 m s−1 (8 m s−1) to the
zonal (meridional) wind speeds of the points comprising
hodograph B. Hodographs B and B′ have identical amounts
of directional shear if directional shear is defined as the
veering of the shear vector with height or veering of the

storm-relative winds with height. However, if directional
shear is defined as the veering of the ground-relative wind
vector with height, then hodographs B and B′ have very
different degrees of directional shear (∼180◦ of veering
in the case of hodograph B; ∼45◦ of veering in the case of
hodograph B′). Furthermore, hodograph B has no speed
shear yet hodograph B′ has 25 m s−1 of speed shear, if
speed shear is defined as the variation of ground-relative
wind speed with height. The storm-relative wind profiles
are identical within each pair of hodographs (Figure 2.13),
assuming that the storm motion is the same function of
the environmental wind profile in each case.

Directional and speed shear of the ground-relative wind
depend on the mean wind velocity, which determines where
a hodograph is positioned relative to the origin, as well as the
thermal wind representative of a deep layer, which largely
controls the orientation of a hodograph. The hodographs
shown in Figure 2.14, which have roughly similar shapes,
span a variety of mean wind velocities and thermal wind
orientations. Hodographs that are confined to the first
quadrant (i.e., u, v > 0 at all levels) are commonly observed
during outbreaks of severe convection in the eastern United
States (Figures 2.14a and 2.14b), whereas hodographs com-
monly span the first and second quadrants (i.e., v > 0 at
all levels, but u changes sign from negative to positive
in the lower troposphere) in severe weather outbreaks
in the United States Great Plains region (Figure 2.14d).
Hodographs occasionally span more than two quadrants,
as in ‘northwest-flow’ events, so called because the upper-
tropospheric winds are usually from the northwest (in
the northern hemisphere) (Figure 2.14c). Ground-relative
veering is smaller when hodographs are confined to a sin-
gle quadrant compared to when hodographs span multiple
quadrants, yet the magnitude of storm-relative wind speeds
and veering is largely independent of hodograph orienta-
tion and position with respect to the origin (storm motions
tend to be faster given the same hodograph length when
hodographs are confined to a single quadrant). In the spe-
cific examples of Figure 2.14, the cases with the smallest
ground-relative wind veering (Figures 2.14a and 2.14b)
are actually associated with the largest storm-relative wind
veering.

We shall revisit the importance of wind shear and
storm-relative winds in Part III in our treatment of
deep moist convection. The bottom line is that one
needs to be careful about directional and speed shear
terminology because they can have different meanings
in different contexts. For example, the ground-relative
wind profile might be of greater interest when surface
friction or terrain is important, as in the study of boundary
layer phenomena (Chapter 4), whereas wind shear and
storm-relative wind profiles are usually of greater interest
in studies of phenomena for which the effects of surface
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Figure 2.13 Idealized straight (top left) and curved (bottom left) hodographs and their corresponding ground-relative
(g-r) and storm-relative (s-r) wind profiles (top and bottom right; half barb—2.5 m s−1, full barb—5 m s−1, flag—25 m s−1).
Labels along the hodographs indicate heights above ground level in kilometers. The ⊗ symbols indicate the assumed storm
motions (a mature convective storm would likely have a motion to the right of the mean wind in these environments, as we
shall later find in Chapter 8). Hodographs A and A′ are identical, but hodograph A′ has been shifted by adding −5 m s−1

(10 m s−1) to the zonal (meridional) wind components of the points comprising hodograph A. Hodographs B and B′ are
identical, but hodograph B′ has been shifted by adding 20 m s−1 (8 m s−1) to the zonal (meridional) wind components of
the points comprising hodograph B. The storm-relative wind profiles are identical for the A and A′ hodographs and the B
and B′ hodographs. (Adapted from Markowski and Richardson [2006].)
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Figure 2.14 (a)–(d) Hodographs observed in relative proximity to outbreaks of severe convection and tornadoes having
a wide variety of mean wind velocities and deep-layer shear (thermal wind) orientations. Labels along the hodographs
indicate heights above ground level in kilometers. The ⊗ symbols indicate the approximate average storm motions observed
on each day. Profiles of ground-relative (g-r) and storm-relative (s-r) winds (half barb—2.5 m s−1, full barb—5 m s−1,
flag—25 m s−1) are displayed to the right of each hodograph. (Although wind data in only the lowest 6 km are plotted
[the winds are missing above 5 km in (b)], it is not implied that the winds above 6 km are unimportant.) (Adapted from
Markowski and Richardson [2006].)
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Figure 2.14 Continued

friction and terrain are not of primary importance, as in the
study of deep moist convection (Chapter 8).

2.7.4 Streamwise and crosswise vorticity

A useful way to partition the horizontal vorticity ωh is
into streamwise (parallel to the storm-relative velocity) and
crosswise (normal to storm-relative velocity) components,
ωs and ωc, respectively (Figure 2.12): Streamwise vorticity
is equal to the storm-relative wind speed times the rate at
which the storm-relative winds veer with height (storm-
relative directional shear). Crosswise vorticity is simply the
rate of increase of the storm-relative wind speed with height
(storm-relative speed shear).

When storm-relative winds are unidirectional with
height (the hodograph must be straight), then the hori-
zontal vorticity is entirely crosswise. When storm-relative
winds veer with height (the hodograph may be straight
or curved), then the horizontal vorticity has a streamwise
component.17 Streamwise vorticity is important because,
when ingested by an updraft, the updraft acquires net
cyclonic rotation.18 The sense of rotation for parcels
containing mainly crosswise vorticity is like that of an
American football rotating end-over-end, whereas for
parcels containing mainly streamwise vorticity, the sense
of rotation is like that of a football thrown as a spiral.
Flows containing streamwise vorticity are said to be helical
(Figure 2.15), or contain (storm-relative) helicity, which is

17 When storm-relative winds back with height (the hodograph may
be straight or curved), then the horizontal vorticity is said to have an
antistreamwise component.
18When antistreamwise vorticity is ingested by an updraft, the updraft
acquires net anticyclonic rotation.

h vh
ω

Figure 2.15 Schematic showing how the superposition
of horizontal vorticity parallel to the horizontal flow
produces a helical flow and is associated with streamwise
vorticity. (Adapted from Doswell [1991].)

given by the product of the streamwise vorticity and the
storm-relative wind speed.

The importance of streamwise and crosswise vorticity
will be more apparent in the discussion of the dynamics
of supercell thunderstorms that appears in Chapter 8. We
hope that the presentation in Chapter 8 will be more easily
grasped by having introduced these concepts here.
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