
3
Mesoscale Instabilities

As discussed in Chapter 1, one of the characteristics of the
mesoscale is that mesoscale motions can be driven by a
number of instabilities, possibly even acting at the same
time, rather than by a single dominant instability (e.g.,
in contrast, midlatitude synoptic-scale motions are domi-
nated by the release of baroclinic instability). This chapter
treats a variety of instabilities that can drive or constrain
the mesoscale phenomena studied in the remainder of the
book. The instabilities are ultimately a result of the charac-
teristics of the governing equations reviewed in Chapter 2.
Although our focus is mesoscale meteorology, the devel-
opment and/or release of mesoscale instabilities frequently
is governed by synoptic-scale processes, such as temper-
ature advection, moisture advection, and the formation
or intensification of fronts that accompanies extratropical
cyclogenesis.

3.1 Static instability
Static or gravitational instability is usually the first instability
to which a meteorology student, or even a nonmajor
taking an introductory meteorology class, is exposed. Static
instability is determined by the buoyancy force experienced
by an air parcel that is displaced vertically. In a statically
unstable (stable) environment, a vertically displaced air
parcel is accelerated away from (returned to) its equilibrium
position by the buoyancy force.

Buoyancy is what drives the thermally direct circula-
tions sometimes referred to as free convection, in contrast to
forced convection, which is driven by large dynamic vertical
perturbation pressure gradients. Buoyancy-driven convec-
tion is also sometimes referred to as gravitational convection
or upright convection, in contrast to slantwise convection, in

which the release of symmetric instability (to be discussed
in Section 3.4) leads to accelerations along a slanted path.

Convection, as used in most fields, refers to the bulk
movement of fluid parcels and is one of the principal means
by which heat is transferred (radiation and conduction are
the other two ways). In meteorology, we typically restrict the
use of the term to vertical motions that ensue owing to an
imbalance of forces in the vertical. Convection can occur in
the absence of condensation or it may lead to condensation,
and in certain circumstances (as we shall find in Part III),
condensation produced by convective overturning can feed
back to convective overturning.

The approach undertaken to assess static instability is to
begin with the vertical momentum equation written as

dw

dt
= B, (3.1)

where w is the vertical velocity component and B is the
buoyancy force. Pressure perturbations, viscosity, and the
Coriolis force have been neglected. By neglecting pressure
perturbations, we are effectively assuming that we shall
displace a parcel having no dimensions, such that the parcel
does not disturb the surrounding air when it is displaced.
These assumptions, made in (3.1), are sometimes referred
to as parcel theory.

Let us approximate the buoyancy force as B = g(T −
T)/T, which neglects the effects of pressure perturbations
[consistent with their neglect in (3.1)], water vapor, and
condensate on the density of an air parcel. It is customary
to regard T as the environmental temperature and T
as the temperature of an individual air parcel. We shall
displace a parcel vertically from an initial level, z0, where
the parcel is in equilibrium with its environment, that is,
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42 MESOSCALE INSTABILITIES

T(z0) = T0, where T0 is the temperature of both the parcel
and the environment at the equilibrium position. Because
w = dz/dt, we can rewrite (3.1) as

d2�z

dt2
= g

T − T

T
, (3.2)

where �z is the distance of the vertical displacement (z =
z0 + �z at some future time; thus, dw/dt can be written as
d2�z/dt2).

The temperature of the displaced parcel at its new
position is (using a first-order Taylor series approximation)

T = T0 − �p�z, (3.3)

where �p = −∂T/∂z is the parcel lapse rate. If the parcel
is unsaturated during its displacement, �p = �d, the dry
adiabatic lapse rate. If the parcel is saturated during its
displacement, �p = �m, the moist adiabatic lapse rate.

The temperature of the environment at the new position
of the displaced parcel is (using a first-order Taylor series
approximation)

T = T0 − γ�z, (3.4)

where γ = −∂T/∂z is the environmental lapse rate. There-
fore, we can write (3.2) as

d2�z

dt2
= −g

�p − γ

T0 − γ�z
�z. (3.5)

But T0 � γ�z if the vertical displacement is relatively
small; therefore, with reasonable accuracy, we can write
(3.5) as

d2�z

dt2
+ g

T0
(�p − γ ) �z = 0. (3.6)

Equation (3.6) is a second-order ordinary differential
equation having the general solution

�z(t) = C1e
i
[

g
T0

(�p−γ )
]1/2

t + C2e
−i

[
g

T0
(�p−γ )

]1/2
t
, (3.7)

where C1 and C2 are constants that depend on the magni-
tude and direction of the initial parcel displacement.

For γ < �p, i
[

g
T0

(�p − γ )
]1/2

is imaginary and the real

part of (3.7) can be written as

�z(t) = C cos

{[
g

T0
(�p − γ )

]1/2

t

}
; (3.8)

that is, the parcel oscillates about its initial position
(z0), which implies that the environmental lapse rate
is statically stable. The amplitude of the oscillations is

C = C1 + C2 = (�z)0, although in reality this would
decrease in time due to viscous effects. In an unsaturated
environment, the frequency of the oscillations can be

written as
[

g
T0

(�d − γ )
]1/2 =

(
g
θ0

∂θ
∂z

)1/2 = N, where θ0

is the potential temperature of the environment at z0 and
N is the Brunt-Väisälä frequency at z0. More generally,

N =
(

g
θv

∂θv
∂z

)1/2
, where the frequency of the buoyancy

oscillation also depends on the contribution of water
vapor to the buoyancy. In many applications throughout

this book, we shall use N ≈
(

g
θ

∂θ
∂z

)1/2
, just as we shall fre-

quently approximate the buoyancy as being proportional
to temperature or potential temperature perturbations.1

In a saturated environment (e.g., displacements occur-
ring within a cloud), the displaced parcel oscillates accord-
ing to the moist Brunt–Väisälä frequency, Nm. Neglecting
the effects of water vapor or condensate on buoyancy (i.e.,
assuming that buoyancy is only affected by latent heating

and cooling), Nm =
(

g
θ e

�m
�d

∂θ e
∂z

)1/2
. If the full buoyancy is

used (i.e., if we include the effect of water vapor and con-
densate on the density of an air parcel, in addition to the
temperature perturbations associated with latent heating
and cooling), then a much more complicated expression
results,2 where

N2
m = 1

1 + rt

{
�m

∂

∂z

[(
cp + clrt

)
ln θ e

]

− (
cl�m ln T + g

) ∂rt

∂z

}
. (3.9)

Here cp and cl are the specific heats at constant pressure of
dry air and liquid water, and rt (=rvs + rh) is the total water
mixing ratio (the sum of the saturation water vapor mixing
ratio, rvs, and the hydrometeor mixing ratio, rh).

A parcel displaced vertically in a statically stable envi-
ronment triggers gravity waves that propagate away from
the location of the displacement; N (Nm) is the intrin-
sic frequency of the gravity waves in the case of purely
horizontal wave propagation (which results in purely ver-
tical parcel displacements as waves pass by a location)
in an unsaturated (saturated) atmosphere. Here our goal
is only to evaluate the net acceleration experienced by a

1 The neglect of water vapor in buoyancy calculations has its largest
impact when buoyancy is integrated, in which case the water vapor
contribution to buoyancy accumulates. For example, the calculations of
convective inhibition (CIN) and convective available potential energy
(CAPE) in Section 2.6 were shown to be very sensitive to whether or not
buoyancy was expressed in terms of a temperature or virtual temperature
perturbation.
2 See Lalas and Einaudi (1974), Durran and Klemp (1982), Emanuel
(1994, p. 168), and Kirshbaum and Durran (2004).
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displaced parcel as a function of the environmental lapse
rate; gravity waves are discussed in much greater detail in
Chapter 6.

For γ >�p, i
[

g
T0

(�p − γ )
]1/2

is real, and as t becomes

large, (3.7) becomes

�z(t) = C1e

[
g

T0
(γ−�p)

]1/2
t
. (3.10)

The displacement of the parcel increases exponentially with
time, implying instability, although (3.10) fails to tell us
how far a parcel will rise. The assumed linear profile of
environmental temperature does not extend to infinity;
(3.10) is only valid for relatively small �z.

An environmental lapse rate for which γ >�d is said
to be absolutely unstable, and when γ < �m the environ-
mental lapse rate is said to be absolutely stable. When
�m < γ < �d, the environmental lapse rate is condition-
ally unstable (stable with respect to unsaturated vertical
displacements, unstable with respect to saturated vertical
displacements). When γ = �d (γ = �m) the environmen-
tal lapse rate is said to be neutral with respect to dry
(saturated) vertical displacements. Lastly, when γm >�m,
where γ = γm when the atmosphere is saturated, the envi-
ronmental lapse rate is regarded as moist absolutely unstable.
In terms of the environmental potential temperature and
equivalent potential temperature, absolute instability is
present when ∂θ/∂z < 0, conditional instability is present
when ∂θ

∗
e/∂z < 0, and absolute stability is present when

∂θ
∗
e /∂z > 0, where θ

∗
e is the equivalent potential tempera-

ture that the environment would have if it were saturated
at its current temperature and pressure. Dry (moist) neu-
tral conditions are present when ∂θ/∂z = 0 (∂θ

∗
e /∂z = 0).

Moist absolute instability is present when ∂θ e/∂z < 0 in a
saturated atmosphere.

There is often confusion between the aforementioned
lapse rate definition of stability, which involves infinites-
imal displacements and depends on the local lapse rate
compared with the dry and moist adiabatic lapse rates, and
what sometimes is referred to as the available-energy defini-
tion of stability, which depends on whether a parcel, if given
a sufficiently large finite displacement, acquires positive
buoyant energy (i.e., an acceleration due to buoyancy act-
ing in the direction of the displacement).3 Finite-amplitude
displacements are often of greater interest in the release
of mesoscale instabilities. For example, a sounding with
convective inhibition (CIN) requires a finite upward dis-
placement of a surface parcel to its level of free convection
(LFC), after which convective available potential energy

3 Sherwood (2000) and Schultz et al. (2000) discuss at length the potential
confusion surrounding these definitions.

(CAPE) is released and the parcel freely accelerates away
from its initial location. The parcel keeps accelerating
upward as long as B > 0, regardless of the environmen-
tal lapse rate at any particular level where B > 0. Another
example is the release of symmetric instability, wherein
frontogenesis drives circulations believed to provide finite-
amplitude slantwise displacements that enable air parcels
to reach a point where they are accelerated in the same
direction as their initial displacements.

3.1.1 Vertical velocity of an updraft

If we multiply both sides of (3.1) by w ≡ dz/dt, we
obtain

w
dw

dt
= B

dz

dt
(3.11)

d

dt

(
w2

2

)
= B

dz

dt
(3.12)

Next, we integrate (3.12) over the time required to travel
from the LFC to the equilibrium level (EL). We assume
w = 0 at the LFC, since the only force considered here is
the buoyancy force, which, by definition, does not become
positive until the LFC is reached. Also, we assume that
the maximum vertical velocity, wmax, occurs at the EL,
which is consistent with the assumption that dw/dt = B
(neglecting the weight of hydrometeors in B). Integration
of (3.12) yields ∫ EL

LFC
dw2 = 2

∫ EL

LFC
B dz (3.13)

w2
EL − w2

LFC = 2

∫ EL

LFC
B dz (3.14)

w2
max = 2

∫ EL

LFC
B dz (3.15)

wmax =
√

2 CAPE. (3.16)

For CAPE = 2000 J kg−1, which corresponds to an average
temperature (or virtual temperature) excess of ≈5 K over
a depth of 12 km, parcel theory predicts wmax = 63 m s−1.
The prediction of wmax in a convective updraft by (3.16)
typically is too large, for several reasons discussed in the
next section. Therefore, the value of wmax predicted by
(3.16) can be interpreted as an upper limit for vertical
velocity when buoyancy is the only force; wmax sometimes
is called the thermodynamic speed limit.4

4 We leave it as an exercise for the reader to show that (3.16) can also
be obtained by applying the Bernoulli equation given by (2.146) along a
trajectory from the LFC to EL, neglecting pressure perturbations.
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3.1.2 Limitations of parcel theory

Recall that we have neglected perturbation pressures in
the preceding analysis of instability and maximum updraft
velocity via (3.7) and (3.16), respectively (actually, we have
neglected pressure perturbations twice—once in the verti-
cal momentum equation, and once in the approximation
for buoyancy). In general, the vertical perturbation pres-
sure gradient is not negligible, and it tends to partially
offset the acceleration induced by the buoyancy force.5 As
shown in Section 2.5.3, relatively high (low) pressure tends
to be located above a warm (cold) bubble, and relatively
low (high) pressure tends to be located beneath a warm
(cold) bubble, causing a vertical gradient of the buoyancy
pressure perturbation, p′

b (recall Figure 2.7). An upward-
directed buoyancy force associated with a warm bubble
tends to be associated with a downward-directed pertur-
bation pressure gradient force, and a downward-directed
buoyancy force associated with a cold bubble tends to be
associated with an upward-directed perturbation pressure
gradient force as dictated by (2.134).

A physical explanation for such perturbation pressures
and their gradients is that a positive perturbation pressure
(relatively high pressure) must exist above a rising bubble
in order to push air laterally out of the way of the rising
bubble, and a negative perturbation pressure (relatively low
pressure) must exist beneath a rising bubble in order to
draw air into the wake of the rising bubble and preserve
mass continuity. Conversely, a cold bubble tends to have
relatively high (low) pressure beneath (above) it for the
same reasons. Furthermore, the presence of a temperature
anomaly alone, regardless of whether or not it is rising or
sinking, leads to pressure perturbations, owing to the fact
that temperature anomalies are associated with thickness
changes; that is, pressure surfaces are perturbed by temper-
ature anomalies (thereby giving rise to pressure anomalies)
in a hydrostatic atmosphere. In short, when considering the
effect of the perturbation pressure gradient, isolated warm
(cold) bubbles tend not to rise (sink) as fast as one would
expect based on the consideration of the buoyancy force
alone.

If the cold or warm anomaly is relatively narrow, then
the buoyancy force is larger in magnitude than the per-
turbation pressure gradient forces, and warm (cold) air
does in fact rise (sink). However, as a warm (cold) bubble
increases in width, more air must be pushed out of its way
in order for it to rise (sink), and more air must be drawn

5 An exception is for updrafts occurring in environments containing
large vertical wind shear, in which the perturbation pressure gradient
force may act in the same direction as buoyancy, especially at low levels,
thereby augmenting the vertical acceleration. This effect will be discussed
in greater detail in Chapter 8.

in below (above) to compensate for the wider region of
ascent (descent). Thus, the opposing perturbation pressure
gradient increases in magnitude with respect to the buoy-
ancy force as a warm or cold bubble increases in width
(Figure 3.1). When a warm or cold bubble becomes very
wide, the opposing vertical perturbation pressure gradient
becomes so large that it entirely offsets the buoyancy force,
and the net acceleration is zero. This is the hydrostatic
limit; in other words, the width scale of the temperature
anomaly is very large compared with the depth scale, and
the vertical pressure gradient and gravity are in balance.
This is equivalent to setting ∇2

hp′
b = 0 in (2.137), indicating

a parcel of infinite horizontal extent, in which a case (2.137)
reduces to

α0
∂2p′

b

∂z2
= − ∂

∂z

(
ρ ′g
ρ0

)
, (3.17)

which can be simplified and integrated to yield

∂p′
b

∂z
= −ρ ′g, (3.18)

in which case p′
b = p′

h, where p′
h is the hydrostatic pressure

perturbation (recall Section 2.5.2). In this case, one could
simply redefine the base state so that there are no density
and pressure perturbations.

Parcel theory also neglects the exchange of momentum,
moisture, and temperature between the parcel and its
environment. Mixing of environmental air into a rising air
parcel typically slows the parcel by reducing its buoyancy
and upward momentum. This process is called entrainment.
Entrainment can be viewed as a parcel dilution process,
because the θe of a rising parcel typically is reduced by
entrainment, leading to the realization of less CAPE and
smaller wmax than predicted by (3.16) (Figure 3.2).

Updraft dilution increases with the tilt of an updraft,
which increases the surface area of the updraft exposed to
the hostile (subsaturated) environment. The entrainment
into the sides of an updraft also increases as the vertical
acceleration within the updraft increases, owing to mass
continuity. It is possible to estimate the entrainment rate
from in situ thermodynamic measurements within a cloud.
As updraft width increases, the core of the updraft can
become better shielded from the effects of entrainment.
For this reason, skinny updrafts are more susceptible to the
detrimental effects of entrainment than are wide updrafts.
In simple one-dimensional cloud models, the entrainment
rate is often parameterized in terms of updraft width.
Updrafts are often wider in the presence of strong mesoscale
ascent (e.g., ascent along an air mass boundary), which
might be one reason why regions of mesoscale ascent are the
most favorable locations for the initiation and maintenance
of deep moist convection.
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Figure 3.1 A comparison of the perturbation pressure (p′) fields and zonal (u) and vertical (w) velocity components for
the case of a wide warm bubble (left panels) and a narrow warm bubble (right panels) released in a conditionally unstable
atmosphere in a three-dimensional numerical simulation. The contour intervals for p′ and the wind components are 25 Pa
and 2 m s−1, respectively (dashed contours are used for negative values). Potential temperature perturbations (θ ′) are
shown in each panel (refer to the color scale). The horizontal and vertical grid spacing is 200 m (the domain shown above
is much smaller than the actual model domain). Both warm bubbles had an initial potential temperature perturbation of
2 K and a vertical radius of 1.5 km, and were released 1.5 km above the ground. The wide (narrow) bubble had a horizontal
radius of 10 km (3 km). In the simulation of the wide (narrow) bubble, the fields are shown 800 s (480 s) after its release.
The fields are shown at times when the maximum buoyancies are comparable. Despite the comparable buoyancies, the
narrow updraft is 20% stronger owing to the weaker adverse vertical pressure gradient.
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Figure 3.2 A possible parcel process curve (dashed) that might be followed by an updraft parcel on a skew T –log p
diagram as a result of the entrainment of environmental air. A parcel process curve (solid) followed by an updraft parcel
that ascends undiluted is also shown. Note the implied differences in cloud base (there has been some entrainment below
the cloud base, in addition to entrainment over the cloud depth), cloud top, and the realized CAPE.

Because of the aforementioned effects of the vertical
perturbation pressure gradient and entrainment, the devel-
opment and intensity of convection are sensitive to updraft
width. This sensitivity is not reflected in the stability anal-
ysis or estimate of maximum updraft speed provided by
(3.7) and (3.16), respectively. The magnitude of pressure
perturbations and the vertical perturbation pressure gradi-
ent increases as the width of the displaced parcel increases,
whereas the detrimental effects of entrainment decrease as
updraft width increases. Convection therefore favors up-
and downdrafts having an intermediate width scale that is

large enough to survive the dilution of buoyancy by mixing
yet narrow enough that the perturbation pressure gradient
force is not too suppressive. In the absence of entrainment,
infinitesimally narrow drafts are favored.

In addition to the effects of the vertical perturbation
pressure gradient and entrainment, the parcel theory pre-
diction of the vertical acceleration of an air parcel and
maximum updraft speed also neglects contributions to
buoyancy from the presence of hydrometeors. In deriving
(3.7), it was assumed that only temperature perturbations
contributed to buoyancy. In deriving (3.17), although it
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was not indicated whether or not buoyancy included the
effects of hydrometeor loading, buoyancy is virtually always
expressed as the temperature or virtual temperature excess
of an updraft parcel compared with its environment in
the calculation of CAPE [recall (2.148) in Section 2.6],
rather than by attempting to account for the condensate
acquired within a rising updraft parcel via an expression
for buoyancy like that given by (2.79) (large concentrations
of hydrometeors can easily contribute the equivalent of a
few degrees Celsius of negative buoyancy). In other words,
CAPE usually is computed by assuming pseudoadiabatic
ascent, such that hydrometeors are assumed to instantly fall
out of a rising, saturated parcel such that the condensate
mass does not affect the buoyancy. In contrast, in reversible
moist adiabatic ascent, all condensate remains within the
parcel (recall Figure 2.1). The condensate mass reduces
buoyancy, but the condensate also carries heat (these two
competing influences usually lead to a net reduction of
buoyancy in the lower troposphere and a net increase in
buoyancy by the time a lifted parcel reaches the upper
troposphere).

Pseudoadiabatic and reversible moist adiabatic ascent
are both idealized extremes; the influence of hydrometeors
on the buoyancy realized by a real updraft lies somewhere
in between. The buoyancy and the associated CAPE real-
ized in pseudoadiabatic ascent are easier to compute than
the buoyancy and CAPE assuming reversible moist adia-
batic ascent, and are far easier to compute than the actual
buoyancy and realized CAPE for a rising parcel. For this
reason, CAPE calculations are usually based on the inte-
grated temperature or virtual temperature excess based on
pseudoadiabatic ascent (as in Section 2.6).

The freezing of water droplets within updrafts is an
additional source of positive buoyancy above the melting
level, although it is a much smaller source of buoyancy than
condensational heating because the latent heat of fusion is
only a small fraction of the latent heat of vaporization. The
pseudoadiabatic lapse rate used to calculate CAPE does not
consider freezing; thus, the neglect of freezing represents
another limitation of parcel theory predictions of vertical
velocity, albeit a relatively minor one.

Finally, compensating subsidence within the surround-
ing air, which can affect the buoyancy and/or the pertur-
bation pressure field depending on how the base state is
defined, was ignored in parcel theory, wherein the environ-
ment is assumed to be unchanged by the parcel.

3.1.3 Potential instability

A layer in which equivalent potential temperature (or,
alternatively, wet-bulb potential temperature) decreases

   final 
moisture
  profile

  initial 
moisture
  profile

   final 
T profile
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Figure 3.3 Illustration of the concept of potential
instability. A potentially unstable layer initially span-
ning the pressure range of 910–810 mb has been lifted
to 850–750 mb. Although destabilization of the layer has
occurred, lifting would have cooled the layer (and there-
fore reduced CIN) regardless of whether or not lifting led
to saturation at the bottom of the layer.

with height (i.e., ∂θe/∂z < 0, or, alternatively, ∂θw/∂z < 0)
is said to be potentially unstable (such layers sometimes are
said to be convectively unstable). When such a layer is lifted,
the bottom of the layer, given sufficiently large relative
humidity, becomes saturated before the top of the layer.
Thus, the bottom of the layer, upon further lifting, cools
at the moist adiabatic lapse rate, while the top of the layer
cools at the larger dry adiabatic lapse rate. Since the top
of the ascending layer is cooling at a faster rate than the
bottom of the layer, destabilization occurs (Figure 3.3). If
the layer is lifted sufficiently, the lapse rate can become moist
absolutely unstable, regardless of the initial stratification.

The destabilization of layers via the potential instabil-
ity mechanism is probably important in the formation
of mesoscale rainbands within the broader precipitation
shields of extratropical cyclones on some occasions, espe-
cially when potentially unstable layers are lifted over a front.
Potential instability also is often cited as being important
in the development of deep moist convection. In the Great
Plains of the United States, widely recognized as one of the
world’s hot spots for severe convection, θe usually decreases
rapidly with height in convective environments owing to
dry midtropospheric air. Despite the common presence of
potential instability, however, it usually does not play a role
in the destabilization of the atmosphere that precedes the
initiation of convection. If the potential instability desta-
bilization mechanism were operating, we might expect to
see skies gradually become overcast with stratiform clouds
as the potentially unstable layer is bodily lifted, and, only
some significant time after this, cumulonimbus might erupt
from the stratiform clouds. This evolution is at odds with
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what is usually observed, however, where cumulonimbus
clouds develop, often explosively, from shallow cumulus
and partly cloudy conditions, without any sign of prior
widespread lifting of a layer to saturation.

3.2 Centrifugal instability
In this section and in the two that follow (Sections 3.3
and 3.4), we define equilibrium states in which the hori-
zontal forces acting on air parcels are balanced, and then
we perturb the parcels to evaluate the stability of the
equilibrium states. If an axisymmetric rotating fluid is in
cyclostrophic balance, such that the centrifugal force and
radial pressure gradient force balance each other, then
certain distributions of angular momentum may be cen-
trifugally unstable such that radially perturbed parcels are
accelerated away from their equilibrium position. Although
centrifugal instability is not as relevant to most mesoscale
phenomena as the other instabilities discussed in this
chapter (centrifugal instability is most relevant to vortices
such as tornadoes and hurricanes, which can be approx-
imated as being axisymmetric and, if surface friction is
neglected, in cyclostrophic balance), we present it as a lead-
in to our treatments of inertial instability (Section 3.3) and
symmetric instability (Section 3.4).6 The study of inertial
and symmetric instabilities originated from the study of
centrifugal instability. Centrifugal instability initially was
studied by Lord Rayleigh7 roughly a century ago.

Consider a cylindrical tank of spinning fluid (Figure 3.4).
The equations of horizontal motion in cylindrical coordi-
nates are

du

dt
= −α0

∂p

∂r
+ v2

r
(3.19)

d(vr)

dt
= −α0

∂p

∂θ
(3.20)

where u is the radial velocity, v is the azimuthal velocity,
r is the distance from the axis of rotation, α0 is a constant
specific volume, and θ is the azimuth angle.

By introducing the angular momentum M = vr, which
is conserved if the pressure field is symmetric about the axis

6 Centrifugal instability sometimes more generally refers to a broader
class of instability that involves a rotating fluid and a restoring force
exerted on fluid elements that are perturbed in a plane having a
component orthogonal to the axis of rotation. Inertial and symmetric
instabilities, as we shall see, fit this broader description.
7 John William Strutt (1842–1919), better known as Lord Rayleigh, was
a physicist and the third Baron Rayleigh in the peerage of the United
Kingdom. He is best known to atmospheric scientists for his work in
fluids and radiative transfer. He received a Nobel Prize in 1904 for his
co-discovery of argon.

Ω = v/r

r

Figure 3.4 A cylindrical tank of spinning fluid, spinning
at an angular velocity of 	 = v/r.

of rotation (i.e., if ∂p/∂θ = 0), we can write the momentum
equations as

du

dt
= −α0

∂p

∂r
+ M2

r3
(3.21)

dM

dt
= 0. (3.22)

Let us displace a ring of fluid in the r direction and
evaluate the new force balance at r = r0 + �r. We displace
a ring of fluid rather than an individual parcel because
we have assumed symmetry about the axis of rotation
in deriving dM/dt = 0; an asymmetric disturbance would
create ∂p/∂θ 	= 0. Do the horizontal pressure gradient force
and centrifugal force balance each other, and, if not, what
is the direction of the net acceleration at r = r0 + �r? (In
similar fashion, in the static stability analysis in Section 3.1,
a parcel was displaced from z = z0 to z = z0 + �z and we
evaluated the new force balance at z = z0 + �z to assess
whether the acceleration would be upward, downward,
or zero.)

Let us define a mean state such that no radial accelera-
tion exists and the horizontal pressure gradient force and
centrifugal force balance each other:

0 = −α0
∂p

∂r
+ M

2

r3
. (3.23)

Subtracting (3.24) from (3.22) gives

du

dt
= −α0

∂p′

∂r
+ 1

r3
(M2 − M

2
), (3.24)

where p = p + p′ and M = M + M′. If we neglect the
effects of the perturbation pressure gradient, as is done in
parcel theory, we obtain

du

dt
= 1

r3
(M2 − M

2
). (3.25)
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The square of the mean angular momentum at the location
of the displaced ring is (using a first-order Taylor series
approximation)

M
2 = M2

0 + dM
2

dr
�r, (3.26)

where M0 is the value of M at r = r0. Also, because M2 is
conserved, its value for parcels within the displaced ring is

M2 = M2
0; (3.27)

that is, a ring of fluid in equilibrium at r0 retains its M2 when
displaced to r0 + �r. Therefore, for small �r, and noting
that du/dt = d(dr/dt)/dt = d2�r/dt2, (3.25) becomes

d2�r

dt2
= M2 − M

2

(r0 + �r)3
(3.28)

≈
M2

0 −
(

M2
0 + dM

2

dr
�r

)

r3
0

(3.29)

= − 1

r3
0

dM
2

dr
�r. (3.30)

The general solution of (3.31) is

�r(t) = C1e
i

[
1
r3
0

dM2

dr

]1/2

t
+ C2e

−i

[
1

r3
0

dM2

dr

]1/2

t
, (3.31)

where C1 and C2 are constants that depend on the mag-
nitude and direction of the initial displacement of the
ring, as in (3.7). If M

2
increases with r (i.e., dM

2
/dr > 0),

then the radial acceleration is opposite to �r and we have
a centrifugally stable distribution of angular momentum,
resulting in centrifugal waves that oscillate with a frequency

of
[

1
r3
0

dM
2

dr

]1/2
. If M

2
decreases with r (i.e., dM

2
/dr < 0),

then the radial acceleration is in the same direction as �r
and the distribution of angular momentum is centrifugally
unstable.

Centrifugal instability constrains stable vortex charac-
teristics; that is, stable vortices cannot have any arbitrary
distribution of angular momentum. The prediction that
angular momentum should increase with radius in order
to satisfy the stability criterion has been upheld by obser-
vations of the wind fields of tornadoes and hurricanes.
Angular momentum distributions can also be associated
with instabilities in the absence of well-defined vortices
such as tornadoes and hurricanes, as is the case with
inertial instability and symmetric instability, which are
investigated next.

3.3 Inertial instability
Inertial instability is also an instability that leads to horizon-
tal accelerations away from an equilibrium position when
parcels are perturbed horizontally.8 The equilibrium is that
of geostrophic balance, in contrast to the cyclostrophic
equilibrium state used to assess centrifugal instability; that
is, the Coriolis force and horizontal pressure gradient force
balance each other. The instability analysis involves a cross-
wise displacement of a tube of parcels aligned with the
wind, and then an evaluation of the Coriolis force and hor-
izontal pressure gradient force on the parcels at their new
location. Do the two forces still balance each other? If not,
in which direction is the net acceleration? The direction of
the acceleration dictates stability (a force imbalance accel-
erates the parcels toward their initial position), instability
(a force imbalance accelerates the parcels away from their
initial position), or neutrality (if there is no net acceleration
acting on the parcels at their new location).

Let us consider the simple case of a zonal geostrophic
wind that varies in the north-south (y) direction, that is,
ug = ug(y) and vg = 0. Using a similar methodology as for
the centrifugal stability analysis, we start with the horizontal
equations of motion in Cartesian coordinates. In this case,
they can be written as

du

dt
= f v (3.32)

dv

dt
= f (ug − u). (3.33)

The variables u and v are the actual velocity components,
which may include an ageostrophic component.

Let us horizontally displace a tube of parcels aligned with
the x axis away from their initial position, y0, where they are
in equilibrium with their environment, that is, u = ug = u0,
where u0 is the zonal velocity of both the parcels and the
environment at the equilibrium position. A tube of parcels
must be displaced in order to continue satisfying (3.32),
which is only valid if no pressure gradient exists along the
x axis.9 Displacement of a single parcel would generate such

8 The American Meteorological Society’s Glossary of Meteorology defines
inertial instability much more broadly as an instability in which only
kinetic energy is transferred between the steady state and the disturbance.
In this book we have adopted the more restrictive definition requiring
negative absolute geostrophic vorticity, as is done in other well-cited
dynamics references (e.g., Holton 2004).
9 Regarding the displacement of a tube of parcels in the analysis of
inertial instability (and, later on, symmetric instability), inertial (and
symmetric) instability, as defined, is a two-dimensional instability. As
mentioned in Section 3.2, the study of inertial (and symmetric) insta-
bility originated with the study of centrifugal instability, in which an
axisymmetric rotating flow was considered. Recall that the centrifugal
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a gradient and the parcel would likely be accelerated to the
velocity of its new surroundings, fundamentally changing
our evaluation of the instability. (We also ignored the
generation of perturbation pressures when evaluating static
instability. In that case, the development of perturbation
pressures for a finite buoyant element only alters the rate at
which the instability is released (by altering w) rather than
whether or not an instability exists at all.)

Because v ≡ dy/dt, we can rewrite (3.32) and (3.33) as

du

dt
= f

dy

dt
(3.34)

d2�y

dt2
= f (ug − u), (3.35)

where �y is the horizontal displacement distance from the
initial position (i.e., y = y0 + �y at some future time; thus,
dy/dt can be written as d�y/dt).

If the tube is displaced northward or southward, the
new zonal velocity for a parcel within the tube will be, via
integration of (3.34),

u = u0 + f �y. (3.36)

Most readers are probably familiar with the above result
in that it implies that a parcel moving northward (south-
ward) is accelerated eastward (westward) owing to the
conservation of angular momentum.

The geostrophic wind at the location of the displaced tube
will be (using a first-order Taylor series approximation)

ug = u0 + ∂ug

∂y
�y. (3.37)

where we assume that the initial pressure field and, cor-
respondingly, the geostrophic wind, is not altered by the
displacement of the tube. By subtracting (3.36) from the
above expression, we obtain

ug − u =
(

∂ug

∂y
− f

)
�y, (3.38)

and using (3.36), we obtain

d2�y

dt2
+ f

(
f − ∂ug

∂y

)
�y = 0. (3.39)

stability analysis relied on having M = vr be conserved, and M conser-
vation required the axisymmetry assumption (i.e., ∂p/∂θ = 0) and the
displacement of a ring of parcels. Two-dimensional disturbances were
retained in theoretical studies of inertial (and symmetric) instability,
which extended the earlier studies of centrifugal instability from rotat-
ing tanks to the atmosphere (and, in the case of symmetric instability,
included the effects of baroclinity).

The term f − ∂ug/∂y is the absolute geostrophic vorticity
(recall vg = 0, so there is no ∂vg/∂x term in the relative
vorticity), and the general solution of (3.39) is

�y(t) = C1e
i
[

f
(

f − ∂ug
∂y

)]1/2
t + C2e

−i
[

f
(

f − ∂ug
∂y

)]1/2
t
, (3.40)

where C1 and C2 are constants that depend on the mag-
nitude and direction of the initial displacement, as in the
static and centrifugal stability analyses.

The condition for inertial instability is that the absolute
geostrophic vorticity must be negative, because when

f − ∂ug

∂y is negative, i
[

f
(

f − ∂ug

∂y

)]1/2
is real and �y expo-

nentially grows in time—a horizontally displaced tube of
parcels is accelerated away from y0. When f − ∂ug

∂y is posi-

tive, i
[

f
(

f − ∂ug

∂y

)]1/2
is imaginary and �y is oscillatory—

stability is present and perturbed parcels oscillate horizon-

tally about y0 with a frequency of
[

f
(

f − ∂ug

∂y

)]1/2
. The

Coriolis force associated with the perturbation wind acts as
the restoring force (Figure 3.5). The nature of this restoring
force, however, is somewhat different from the case of
a parcel that is displaced vertically in a statically stable
atmosphere. In the latter case, the restoring force is directed
opposite the parcel displacement, whereas in the case of
inertial stability, the restoring force is initially at a right
angle to the direction of displacement. Though we assess
inertial stability versus instability by considering whether
�y grows or decays in time, it is important to realize that a
parcel (within the tube) that is horizontally perturbed as in
Figure 3.5 is accelerated in both horizontal directions, such
that the parcels oscillate in clockwise loops superimposed
on the mean wind, rather than along a straight line
centered on the equilibrium location as is the case for
static stability. These inertial oscillations are identical to the
oscillations that give rise to the nocturnal low-level wind
maximum that will be discussed in Section 4.7.

The assumption that the pressure field remains constant
during the oscillation is not likely to be valid over a sig-
nificant period of time. Nonetheless, the inertial instability
analysis does provide a useful idealization that explains
why, at least on large scales, anticyclonic vorticity centers
(i.e., vorticity minima) are limited to a magnitude no larger
than f , yet large-scale cyclonic vorticity maxima have no
such bound on their intensity. To see why this is so, con-
sider the anticyclonic shear case shown in Figure 3.5a. After
the northward displacement, the stronger Coriolis force
toward the south is paired with a stronger pressure gradient
force toward the north. If the pressure gradient varies only
weakly with y, the Coriolis force will end up the dominant
force and the parcel will have an acceleration toward its
original latitude. However, once a threshold value for the



INERTIAL INSTABILITY 51

p–3Δp

p–2Δp

p–Δp

p 

vg

vg

vg

u =u0

u =u0

A

B + fΔy

p–3Δp

p–2Δp

p–Δp

p 
vg

vg

vg

inertially unstable

inertially stable
y

x

PGF

COR
(small PGF)

(large PGF)

COR

PGF (significantly larger than at A)

(slightly larger than at A)

vd
td

u =u0

u =u0

A

B + fΔy

PGF

COR

COR

PGF (significantly smaller than at A)

(slightly larger than at A)

vd
td

y

x

(large PGF)

(small PGF) h

h

Figure 3.5 Top, the inertially unstable case, as dis-
cussed in the text. The parcel has been displaced
northward, from point A to point B, as indicated by
the dashed arrow. For clarity, only one parcel within the
tube of displaced parcels is shown. Bottom, the inertially
stable case.

variation in the pressure gradient force with y is exceeded,
the pressure gradient will be the dominant force and the
parcel will accelerate away from its initial location. In the
cyclonic case (Figure 3.5b), however, the stronger Coriolis
force is paired with a weaker pressure gradient force such
that the Coriolis force will always be the dominant force
and the parcel will always have a component of acceleration
toward its original latitude.

When assessing parcel stability, a conserved variable
often can be found such that the stability of a given envi-
ronment can be assessed by examining the distribution of
this variable in a particular direction. For example, we can
look at profiles of potential temperature with height to
immediately assess static stability. Essentially, by using the
temperature a parcel would have if lowered to a standard
reference pressure, we are then free to move a parcel from its
original level to a new level and simply compare its potential
temperature with that of the environment at the new level to
assess their actual temperature difference. It then becomes
obvious that, when potential temperature decreases with

height, parcels displaced upward will be warmer than their
environment and we relate this to an upward buoyant accel-
eration. This approach is easier than dealing with actual
temperatures, in which case the parcel temperature would
have to be modified by the dry adiabatic lapse rate before it
could be compared with the environmental temperature.

A direct analog exists with regard to inertial instability.
When we displaced the parcel to the north (Figure 3.5),
we had to adjust its zonal momentum by the rate of gain
in zonal momentum due to the Coriolis force before we
could compare its new Coriolis force in the y direction
(which depends on its total zonal momentum) with the
environmental pressure gradient force at the new location.
If we note that the environmental pressure gradient force
is equal in magnitude to the Coriolis force associated with
the (environmental) geostrophic wind, we see that we
could alternatively compare the magnitude of the parcel’s
total zonal momentum (u) at the new location with the
zonal momentum of the geostrophic wind (ug) at that
location (assuming f is constant over our entire domain).
If u > ug, then the Coriolis force acting on the parcel will
be greater than the pressure gradient force and the parcel
will accelerate toward its initial latitude. Alternatively, if we
displace the parcel to the south, if u < ug, then the Coriolis
force (acting toward the south if u > 0) is less than the
pressure gradient force (acting toward the north), and the
parcel also accelerates toward its initial latitude.

We note from (3.36) that the parcel u depends only on its
initial (geostrophic) zonal momentum and its displacement
in the y direction. Changes in the zonal momentum of a
parcel displaced latitudinally are analogous to changes in
the temperature of a parcel displaced dry adiabatically in the
vertical direction, the latter of which depend only on the
initial parcel temperature and the displacement in the z
direction. Given the usefulness of potential temperature
in that scenario, we foresee the value of determining the
‘potential’ momentum of environmental parcels if they
were all moved to a reference y location. This would be a
conserved quantity as parcels are moved in the y direction,
and a comparison of this quantity between any two parcels
at the same y could be used to assess the difference in their
momentum. Similarly, the gradient of this quantity in the
y direction should be sufficient to assess stability. Thus, we
take the zonal momentum values and we adjust them to
represent the zonal momentum that parcels would have if
moved to y = 0, and, following tradition, we define this
quantity as the absolute momentum10 (or pseudoangular

10 The Glossary of Meteorology defines absolute momentum as the
momentum of a parcel as measured in an absolute coordinate system,
such that it is the sum of the parcel’s momentum relative to the earth and
the momentum of the parcel due to the earth’s rotation. However, the
same term is also commonly defined as M = u − fy. Some authors use



52 MESOSCALE INSTABILITIES

momentum), M, where

M ≡ u − fy. (3.41)

From (3.34), we see that this quantity is conserved following
the motion for a purely zonal geostrophic flow (i.e., in the
absence of pressure gradients in the x direction) on an f
plane. Since our equilibrium state is one of geostrophic
balance, we define the geostrophic absolute momentum (or
geostrophic pseudoangular momentum) as

Mg ≡ ug − fy. (3.42)

By inspection of (3.41) and noting that

−∂Mg

∂y
= f − ∂ug

∂y
, (3.43)

inertial instability is present when ∂Mg/∂y > 0. In this case,
a tube of parcels displaced in the positive y direction reaches
its new location with an M value (=Mg at its initial location)
smaller than the local Mg value. Since we are comparing
these at the same y value, the parcel’s zonal momentum
is smaller than the geostrophic value at this new location,
indicating that the Coriolis force (toward the south) will be
weaker than the pressure gradient force (toward the north),
yielding an acceleration away from the initial location. The
change in Mg with y is sufficient to assess this instability.

Alternatively, we could have written (3.33) as

dv

dt
= −f [(u − fy) − (ug − fy)] = −f (M − Mg). (3.44)

Further, if we introduce M = Mg, where M = M − M′ is
the absolute momentum of the equilibrium state, and M′
is the deviation of M from the equilibrium state within a
displaced parcel, then (3.44) can be written as

dv

dt
= −fM′. (3.45)

The horizontal momentum equation above is analogous
to the vertical momentum equation written as dw

dt = g θ ′
θ

,
where θ is the relevant conserved variable. From (3.45) and
the fact that M is conserved, if

∂Mg

∂y = ∂M
∂y > 0 and a parcel

is displaced northward, conserving its M, then M′ < 0 and
dv/dt > 0, resulting in a northward acceleration away from
the equilibrium position.

Observations of inertially unstable environments are
complicated by the fact that we generally do not observe

M = v + fx, which is equally valid. The form one should use depends on
whether the environment and disturbance are prescribed to be invariant
along the x direction versus the y direction. For any other orientation,
the axes may be rotated to fit one of these forms.

equilibrium states, but the wind profile of the equilib-
rium state is what is relevant. Instead, what we actually
observe are motions that represent the sum of a base
state and perturbations from the base state. This challenge
applies to many other instabilities as well, such as trying
to observe environments containing symmetric instability
(Section 3.4), or trying to determine whether an observed
wind profile is susceptible to shear instability (Section 3.5).

Although we usually cannot know to what extent the
observed wind field represents the equilibrium state, regions
of negative absolute geostrophic vorticity are generally not
observed on the synoptic scale, which suggests that the
inertial stability criterion is an important constraint on the
wind fields of large-scale troughs and ridges. However, neg-
ative absolute geostrophic vorticity observations are much
more common on the mesoscale, albeit somewhat transient
(Figure 3.6). For example, negative absolute geostrophic
vorticity is routinely observed in the upper troposphere on

423

432

441

0000 UTC 20 July 2005 

0.0     x 10–6 K m2 s–1 kg–1–0.2–0.4
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300 km

Figure 3.6 Rapid Update Cycle (RUC) initialization at
0000 UTC 20 July 2005. Negative geostrophic potential
vorticity (PVg) over the 600–650 mb layer (10−6 K m2

kg−1 s−1, shaded according to the scale), negative
600 mb absolute geostrophic vorticity (dashed red con-
tours every −3 × 10−5 s−1 starting at 0), and 600 mb
geopotential height (black contours every 3 dam) are
shown. Inertial (symmetric) instability is present where
absolute geostrophic vorticity (PVg) is negative. Several
east–west-oriented bands of clouds and generally light
rain formed over eastern Montana and the Dakotas. The
bands were spaced approximately 150 km apart. Both
dry symmetric and inertial instability were present in
the region of the bands, which may have accounted for
the observed banding. (Adapted from Schultz and Knox
[2007].)
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the left flank (with respect to the direction of the deep-
layer wind shear vector) of a deep convective cloud in an
environment of strong vertical wind shear, owing to the
upward advection of air having a very different horizontal
momentum at low levels than the horizontal momentum
of the air in the updraft’s upper-level environment.

The structure of circulations resulting from the release of
inertial instability are poorly understood. It is probably safe
to assume that the instability would manifest itself as wind
perturbations that are approximately two-dimensional and
aligned with the mean wind. The mechanisms that lead to
inertial instability, the details of the atmospheric response to
inertial instability, and the possible dynamical role of iner-
tial instability in contributing to precipitating mesoscale
phenomena are subjects of ongoing research. For example,
the weak inertial instability sometimes observed in the
environments of mesoscale convective systems might help
enhance their upper-level outflow and longevity (the con-
cept of inertial instability might not be applicable in such
cases, however, if the flow is not approximately two-
dimensional).

3.4 Symmetric instability
Air parcels can be both statically and inertially stable (i.e.,
in hydrostatic and geostrophic equilibrium, and therefore
in thermal wind balance), but can be unstable to displace-
ments along a path that is slanted with respect to the
horizontal for certain distributions of geostrophic momen-
tum and potential temperature. This type of instability
is called symmetric instability.11 Before embarking on the
mathematical derivation of the instability requirement, the
instability can be demonstrated conceptually.

First, consider a stable configuration of mean potential
temperature (θ) surfaces like those in Figure 3.7. In such
a case, an upward (downward) displacement of a parcel
results in a vertical restoring force that opposes the dis-
placement. If a parcel is displaced upward (downward), it
finds itself cooler (warmer) than its surroundings, and the
vertical restoring force (i.e., the buoyancy force) acceler-
ates the parcel downward (upward) toward its original θ

surface (the parcel will oscillate about its original position
too). Similarly, consider a stable configuration of Mg (=M)
surfaces like those in Figure 3.8. If a tube of parcels aligned
with a zonal geostrophic wind12 is displaced northward

11 The term symmetric instability appears to have originated from studies
of centrifugal instability in a rotating tank with baroclinity carried out
by H. Solberg (circa 1930). A symmetric flow is one in which the base
state and perturbations only vary in two dimensions.
12 We assume here that the geostrophic wind and geostrophic wind
shear are zonal, but the theory using Mg = u − fy can be applied to
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Figure 3.7 Schematic meridional cross-section of θ sur-
faces in a statically stable atmosphere. A parcel that
is displaced from position A toward position B experi-
ences a restoring force that is directed toward its original
equilibrium position.

(southward), the parcels are subjected to an acceleration by
the horizontal restoring force, that is, the difference between
the Coriolis force and horizontal pressure gradient force at
their new position, which accelerates the parcels southward
(northward) toward their original Mg surface (the parcels
will oscillate horizontally about their original position too).
The basic idea that you should take from consideration of
Figures 3.7 and 3.8 is that, for a stable configuration of θ or
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Figure 3.8 Schematic meridional cross-section of geo-
strophic absolute momentum surfaces in an inertially
stable atmosphere. A tube of parcels that is displaced
from position A toward position B experiences a restoring
force that is directed toward its original equilibrium
position.

any geostrophic wind direction as long as the axes are rotated such
that x lies along the thermal wind vector (and, thus, the mean-layer
isotherms) and y points toward the colder air. The stability criterion in

the horizontal requires
∂Mg
∂y < 0. If one uses the form Mg = v + fx then

y must lie along the thermal wind and x must point toward the warm
air. The corresponding stability criterion in the horizontal for that form

requires
∂Mg
∂x > 0. We believe that the former form is more natural for

midlatitudes, but the latter form is seen regularly in the literature.
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Mg surfaces, a displaced tube of parcels is subjected to
restoring forces along each axis that accelerate the parcels
back toward their original equilibrium position. The verti-
cal and horizontal restoring forces are proportional to θ − θ

and M − Mg (or M − M), respectively, where θ and M are
the potential temperature and absolute (or pseudoangular)
momentum of the displaced parcels, both of which are
approximately conserved in the displacement.

But what if we have a configuration of θ and Mg sur-
faces as in Figure 3.9? The θ surfaces are as they were
in Figure 3.7, and the Mg surfaces are as they were in
Figure 3.8, that is, the atmosphere is stable with respect to
vertical and horizontal displacements of air parcels (i.e., the
atmosphere is statically and inertially stable). Consider the
displacement of a tube of parcels (extending into and out
of the page) along a slantwise path (upward and toward
the north) from position A to position B in Figure 3.9. The
parcels find themselves below their original θ surface, there-
fore they are subjected to an upward-directed vertical force.
Likewise, they find themselves to the south of their original
Mg surface, therefore they are subjected to a northward
horizontal force. The resultant acceleration (i.e., the sum
of the horizontal and vertical restoring forces) is directed
upward and toward the north, in the same direction as the
displacement! Thus, the parcels are accelerated away from
their original equilibrium position; the equilibrium state is
said to be symmetrically unstable. It turns out (this will be
proven shortly) that the instability depends on θ surfaces
being more steeply sloped than Mg surfaces, and parcel
displacements must be at an angle that lies between the
slopes of the θ and Mg surfaces.

Symmetric instability involves the displacement of tubes
of parcels that are aligned with the thermal wind or
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Figure 3.9 Schematic meridional cross-section of isen-
tropic (blue) and geostrophic momentum surfaces (red)
in a symmetrically unstable atmosphere. A tube of parcels
that is displaced from position A toward position B expe-
riences a resultant acceleration that is directed away from
the original equilibrium position.

mean-layer isotherms (in the forthcoming analysis, the
geostrophic wind happens to be aligned with the thermal
wind). As was the case for inertial instability, the environ-
ment must be approximately two-dimensional; that is, the
wind and thermal wind can only vary in one horizontal
direction and in the vertical. Symmetric instability is per-
haps of greater interest than inertial instability owing to
the vertical component of the acceleration in the case of
symmetric instability, which makes it more likely to lead to
precipitation. The release of symmetric instability results
in what is often called slantwise convection.13 For moist
convection (i.e., that in which condensation is occurring),
the θ

∗
e surfaces, representing the θe that the environment

would have if it were saturated, must be considered rather
than the θ surfaces. This is directly analogous to static
stability, for which one uses θ to assess dry instability and
one uses θ

∗
e to assess conditional gravitational instability.

Likewise, we can compare the slopes of the θ
∗
e surfaces with

those of the Mg surfaces to assess the presence of conditional
symmetric instability (CSI). In most situations, θ

∗
e surfaces

are more steeply sloped than θ surfaces because cold air
tends to be drier than warm air. Finally, we can compare
the slope of the θ e surfaces with those of the Mg surfaces to
assess potential symmetric instability (PSI).

We shall take a more quantitative look at this instability
by first considering the restoring forces in the vertical
and horizontal directions for a parcel that experiences no
condensation during its slantwise displacement. Then we
shall combine the vertical and horizontal restoring forces
to examine the restoring force in the slantwise direction.
We shall assume that the slantwise displacement occurs in
the y-z plane, and that the background geostrophic flow
is zonal, but has a y and z dependence (i.e., ug = ug(y, z);
vg = 0), as in our analysis of inertial instability.

Consider the parcel at position A in Figure 3.10, in
equilibrium with its surroundings; i.e., θ = θ = θ0 and u =
ug = u0. The potential temperature of a parcel is conserved
during its displacement from location A to location B, so

θ = θ0 = θ
(
y0, z0

)
. (3.46)

The environmental potential temperature at position B,
approximated by a first-order Taylor series, is

θ = θ0 + ∂θ

∂y
�y + ∂θ

∂z
�z. (3.47)

13 Slantwise convection should not be confused with gravitational con-
vection (i.e., convection that is driven by buoyancy alone) that is tilted
by strong vertical wind shear. Gravitational convection having tilted
updrafts is associated with slanted streamlines, but the instability is in
the vertical direction only. In slantwise convection, the instability results
in both vertical and horizontal accelerations.
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Figure 3.10 Zoomed-in view of Figure 3.9, showing the
relationship between α, �s, �y, and �z. Displacements
of the parcel at position A to locations within the shaded
region (e.g., toward position B) result in acceleration
away from position A.

Therefore, the potential temperature difference between
the displaced parcel and the environment at location B is
(3.46)–(3.47):

θ − θ = −∂θ

∂y
�y − ∂θ

∂z
�z. (3.48)

Thus, the buoyancy force, or net vertical restoring force
(Fv), acting on the displaced parcel at location B is

Fv = g
θ − θ

θ
= − g

θ

∂θ

∂y
�y − g

θ

∂θ

∂z
�z. (3.49)

However, there is also a horizontal restoring force on
the parcel undergoing a slantwise displacement because
the Coriolis force and horizontal pressure gradient force
generally will be out of balance at the new position. At
location B, the absolute momentum of the displaced tube
of parcels will be equal to its initial value [from (3.36)],

M = M0 = Mg
(
y0, z0

)
, (3.50)

assuming that no ∂p′/∂x is generated by the displacement,
and f is constant over the domain. The geostrophic absolute
momentum at position B is (using a first order Taylor series
approximation)

Mg = M0 + ∂Mg

∂y
�y + ∂Mg

∂z
�z. (3.51)

The net horizontal restoring force, Fh, is given by (3.44)

Fh = −f
(
M − Mg

)
(3.52)

= −f

(
−∂Mg

∂y
�y − ∂Mg

∂z
�z

)
, (3.53)

where (3.50) and (3.51) have been used to replace M
and Mg.

The equation of motion for the parcel along its direction
of slantwise displacement is

d2�s

dt2
= Fh

(
j · s

) + Fv (k · s) (3.54)

= Fh cos α + Fv sin α (3.55)

= −f

(
−∂Mg

∂y
�y − ∂Mg

∂z
�z

)
cos α

+
(

− g

θ

∂θ

∂y
�y − g

θ

∂θ

∂z

)
sin α, (3.56)

where α is the angle the displacement makes with respect
to the horizontal (as indicated in Figure 3.10), s is a unit
vector in the slantwise direction, and �s represents the
displacement along the slantwise direction such that the
position along the slant is given by s = s0 + �s, where s0 is
the original location.

Equation (3.56) is a generalized equation for parcel
displacements in the y–z plane. Notice that (3.56) reduces
to (3.5) for �y = 0 and α = 90◦, and it reduces to (3.44)
for �z = 0 and α = 0◦.

We can express (3.56) in terms of the slopes of the Mg

and θ surfaces by noting that along a constant Mg surface

�Mg = 0 = ∂Mg

∂y
�y + ∂Mg

∂z
�z. (3.57)

The slope of an Mg surface is therefore

(
�z

�y

)
Mg

= −∂Mg/∂y

∂Mg/∂z
=

f − ∂ug

∂y

∂ug/∂z
. (3.58)

Similarly, along a constant θ surface,

�θ = 0 = ∂θ

∂y
�y + ∂θ

∂z
�z; (3.59)

therefore, the slope of a θ surface is(
�z

�y

)
θ

= −∂θ/∂y

∂θ/∂z
. (3.60)

Thus, noting that �y = �s cos α and factoring this out of
all terms, we can write (3.56) as

d2�s

dt2
=

{
f
∂Mg

∂z

[(
�z

�y

)
−

(
�z

�y

)
Mg

]
cos α

+ N2

[(
�z

�y

)
θ

−
(

�z

�y

)]
sin α

}
�s cos α, (3.61)

where N2 = g

θ

∂θ

∂z
.
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The sign of d2�s/dt2, and thus the instability criterion,
depends on the slope of the displacement, �z/�y, and the
slopes of the θ and Mg surfaces. In the case of displacing a
parcel from position A to position B in Figure 3.10, accel-
eration away from position A occurs when d2�s/dt2 > 0.
The slope of the parcel displacement lies between the slopes
of the Mg and θ surfaces, so if the slope of the Mg surfaces
exceeds the slope of the θ surfaces, then both terms in
brackets are positive definite (as are sin α, cos α, N2, and f
in the northern hemisphere), and d2�s/dt2 < 0; the parcel
is accelerated back to its initial equilibrium position. On
the other hand, if the slope of the θ surfaces exceeds the
slope of the Mg surfaces, and the parcel displacement lies
between its original Mg and θ surfaces, then d2�s/dt2 > 0
and the parcel is accelerated away from its initial equilib-
rium position. Thus, a necessary condition for symmetric
instability is (

�z

�y

)
θ

>

(
�z

�y

)
Mg

, (3.62)

when the slope of the parcel displacement lies between the
slopes of the Mg and θ surfaces. Depending on the exact
slopes of the Mg and θ surfaces and the magnitude of f , N,
and ∂Mg/∂z, it still may be possible to have d2�s/dt2 > 0
(and thus acceleration away from the equilibrium position)
for parcel displacements having slopes not between the
slopes of the Mg and θ surfaces; however, accelerations
away from the equilibrium position are not sustainable for
large excursions from the equilibrium position (the reader
ought to be able to convince herself or himself of this
graphically, adhering to the rule that the acceleration of the
displaced parcel in the horizontal and vertical directions is
toward the parcel’s original Mg and θ surfaces, respectively).
The most unstable displacement direction turns out to be
nearly along a θ surface.

We note that (3.62) is equivalent to either of the follow-
ing two tests: (

∂θ

∂z

)
Mg

< 0 (3.63)

(
∂Mg

∂y

)
θ

> 0. (3.64)

Thus, one may assess whether θ decreases with increasing
height as one follows an Mg surface or whether Mg increases
with y as one follows a constant θ surface. Either of these is
associated with instability.

Equation (3.61) can be manipulated in other ways to
facilitate assessment of symmetric instability. We have not
done this here, but we shall merely state that symmetric
instability is also present if the absolute geostrophic
vorticity on an isentropic surface ((f − ∂ug/∂y)θ ) becomes

negative (analogous to the inertial instability criterion of
f − ∂ug/∂y < 0 on a horizontal surface), or if geostrophic
potential vorticity, PVg(=α

[∇ × vg + f k
] · ∇θ , where

α = 1/ρ), becomes negative (Figure 3.6). Note that,
because PVg is conserved for adiabatic motions, a stable
region (PVg > 0) cannot be rendered unstable by simply
rearranging PVg. Although perhaps not as physically reveal-
ing as the comparison of slopes, these three-dimensional
criteria are considered more robust as they are not as sensi-
tive to the particular cross-section orientation as is (3.62),
where care must be taken to orient the cross-section perpen-
dicular to the thermal wind (or isotherms). However, when
using three-dimensional measures, one still must confirm
that the underlying flow field satisfies the constraint of
approximate two-dimensionality in order for the criterion
to represent symmetric stability. It also can be shown that

symmetric instability is present if Ri
f

(
f − ∂ug

∂y

)
< 1, where

Ri is the Richardson number

(
= g

θ

∂θ
∂z

[
∂ug

∂z

]−2
)

, and is

thus favored when static stability is low, vertical shear is
strong, and relative vorticity is anticyclonic.

The symmetric instability analysis has not included the
effects of saturation. In order to account for the effects
of moist adiabatic ascent in the stability analysis, we need
only replace θ with the appropriate conservative variable,
i.e., θ∗

e or θe. Thus, the instability criterion for conditional
symmetric instability (CSI) is

(
�z

�y

)
θ
∗
e

>

(
�z

�y

)
Mg

; (3.65)

that is, when the slope of θ
∗
e surfaces is greater than the

slope of Mg surfaces. The criterion for potential symmetric
instability (PSI) is

(
�z

�y

)
θ e

>

(
�z

�y

)
Mg

. (3.66)

Similar substitutions of θ
∗
e or θ e would be made in the

three-dimensional forms as well. When applying these cri-
teria, one must confirm they are not identifying regions
of conditional gravitational instability or inertial insta-
bility, which, by definition, are not areas of symmetric
instability.

Qualitatively, environments conducive to slantwise con-
vection bands (i.e., environments containing CSI) have
strong vertical wind shear (i.e., a strongly baroclinic atmo-
sphere) and a deep layer that is nearly saturated. The
release of CSI is a likely candidate in the formation of
mesoscale precipitation bands within extratropical cyclones
in many cases, particularly within frontal zones, where
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Figure 3.11 (a) Vance Air Force Base (VNX) WSR-88D
reflectivity (dBZ) display at 1658 UTC 30 November 2006.
The southwest–northeast-oriented precipitation bands
are believed to be associated with the release of CSI. (b) A
vertical cross-section normal to the bands at 1700 UTC
from roughly Dodge City (DDC), KS, to McAllister (MLC),
OK (the broad blue line in (a) indicates the cross-section
location), shows θ

∗
e (K, blue lines) and Mg (m s−1, red

lines). The gray shaded region is approximately neutral
or slightly unstable with respect to CSI.

vertical wind shear is large (Figure 3.11). Precipitation
bands due to the release of CSI, sometimes multiple,
should be approximately oriented with the thermal wind
(Table 3.1). Although parcel displacements are unstable if
at an angle between the slope of the Mg and θ

∗
surfaces, the

slope of the updrafts tends to be nearly parallel to θ
∗

sur-
faces (in the saturated case, the most unstable displacement
direction is nearly along θ

∗
surfaces). Vertical velocities

within the updrafts are of the order of 1 m s−1, compared

Table 3.1 Characteristics of mesoscale precipitation
bands that are related to CSI.

Motion
If the bands are moving, they should be

moving with the environmental flow
(i.e., bands are advected by the flow; they
do not propagate relative to the
environmental flow)

Spacing Believed to be related to the depth of the
unstable layer and the slope of the
isentropes

Slope of
ascent

Should lie between the slopes of θ
∗
e and Mg

surfaces; when the flow is hydrostatic,
the ascent will occur exactly on the
isentropic surfaces

Alignment Nearly along the thermal wind, but can
deviate by as much as 15◦

with vertical velocities of a few cm s−1 on the synoptic
scale and 10 m s−1 within buoyant thunderstorm updrafts.
The maximum updraft speed in the slanted direction can
be estimated using the slantwise convective available poten-
tial energy (SCAPE), which can be calculated in a manner
similar to how CAPE is computed to assess the potential
intensity of gravitational convection, but with the integra-
tion of buoyancy performed along a constant Mg surface
rather than in the vertical.

Although CSI can be released by growing infinitesimal
perturbations, it may also be released by finite-amplitude
forcing (analogously, in the case of gravitational convection,
the release of conditional instability usually requires the
finite lifting of air parcels to their LFC). Thermally direct
frontal circulations in response to frontogenesis are believed
to be a lifting mechanism that can release CSI, and regions
of CSI also are often regions of frontogenesis. Frontogenesis
and the ageostrophic vertical circulation that accompanies
frontogenesis will be discussed in Section 5.1.

Even if the atmosphere is determined to be stable to
moist slantwise and moist gravitational convection, banded
clouds and precipitation still can form owing to forced
ascent. Thus, not all banded precipitation is the result
of CSI. Proving that a particular case was due to CSI
requires a rigorous analysis including a comparison with
the theoretical environmental conditions necessary for the
instability as well as the theoretical behavior of the ensuing
convection (Table 3.1). Moreover, as also mentioned at
the end of Section 3.3, determining the base state from
observations is problematic. For example, in many cases
slantwise neutrality is observed rather than large areas of
CSI. The slantwise neutrality may be an indication that CSI
has been released.
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Figure 3.12 Billow clouds, which resemble breaking waves, are a visual manifestation of vertical shear instability (also
known as Kelvin–Helmholtz instability) when sufficient moisture is present. Photograph by Brooks Martner.

1200 UTC 17 April 1999 1800 UTC 17 April 1999 0000 UTC 18 April 1999

Figure 3.13 Water vapor satellite imagery from 1200–0000 UTC 17–18 April 1999 revealing the development of a series
of vortices, most likely as a result of horizontal shear instability. (Adapted from Weinand [2000].)

3.5 Shear instability
The level of interest in the study of the stability of parallel
flows—flows in which all but one of the mean velocity com-
ponents are zero—is hard to overstate, as the problem has
attracted the likes of Lord Rayleigh, Lord Kelvin, Helmholtz,
Heisenberg,14 and Taylor,15 going back well over a century.
What is loosely referred to as shear instability can be present
in currents containing vertical or horizontal wind shear.

14 Werner Heisenberg (1901–1976) was a German theoretical physicist
best known for his contributions to quantum mechanics (e.g., the
Heisenberg uncertainty principle). He was awarded a Nobel Prize in
1932.
15 Sir Geoffrey Taylor (1886–1975) was a British physicist and math-
ematician best known for his work in fluid dynamics, particularly
turbulence.

Vertical shear instability in the presence of a statically sta-
ble layer, also known as Kelvin–Helmholtz instability, has
been invoked to account for observations of billow clouds
(Figure 3.12), clear-air turbulence, the excitation of grav-
ity waves, and even mammatus clouds. Horizontal shear
instability has been invoked to account for observations of
vortices along windshift lines (Figure 3.13), kinks or frac-
tures within lines of convection, and even some tornadoes
(Figure 3.14).

Shear instability extracts energy from the mean flow. It
usually involves the transformation of a corridor of rela-
tively large vorticity, which implies a relative maximum in
the wind shear magnitude, into somewhat regularly spaced,
nearly circular, discrete patches of vorticity (Figure 3.15).
In the limiting case, when the wind shear occurs over an
infinitesimal distance, the vorticity becomes infinite along
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Figure 3.14 This photograph of multiple waterspouts with a remarkably regular spacing strongly suggests that horizontal
shear instability may have played a role in their formation. The image was obtained off the coast of Italy during the early
spring of 2001. Photograph by Roberto Giudici.

time

Figure 3.15 Idealized numerical simulation illustrating the effects of inflection-point instability. Time advances from left
to right. Shading denotes vorticity magnitude. Warm (cool) colors indicate large (small) vorticity values. The mean wind
direction is indicated by the arrows in the first panel. If instability is present and the high-vorticity interface is perturbed,
the perturbation amplifies until the interface folds over on itself, leading to wave breaking and a transformation of what
was initially a linear corridor of large vorticity into discrete patches of large vorticity. (Adapted from numerical simulation
output provided by Brian Fiedler.)

what is known as a vortex sheet. Although it is not always
obvious how to define a vortex (vortex and vorticity are
not interchangeable), vortices tend to be associated with
discrete, nearly circular extrema of vorticity (the presence
of a discrete vorticity patch, however, is not a sufficient
condition for the presence of a vortex). One approach used
to define a vortex is to find a reference frame in which
closed streamlines exist (Figure 3.16). If such a reference
frame can be found, and if, at a later time, the center of the
region of closed streamlines has not moved significantly
when viewed from the respective reference frame, then the

region of closed streamlines can be regarded as a vortex.16

Shear instability is therefore a means by which vortices can
arise within a regime of initially straight flow, albeit an
initial flow containing vorticity. Vorticity is not created;
rather, it is simply redistributed by advection.

For horizontal shear instability, a relative maximum in
the horizontal wind shear (vertical vorticity) magnitude is a
necessary condition for instability. For Kelvin–Helmholtz
instability, although a relative maximum in vertical wind

16 See Lugt (1979).
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(a) (b) (c)

Figure 3.16 The relationship between streamlines (black lines with arrows giving the direction of the wind) and vorticity
(shaded, with warm [cool] colors indicating large [small] vorticity values) for a vortex, in this case represented by a circular
patch of vorticity, on which (a) no flow is superposed, (b) moderate, uniform westerly flow is superposed, and (c) fast,
uniform westerly flow is superposed. The streamlines also are isopleths of streamfunction; thus, the distance between
streamlines is inversely proportional to the wind speed (the streamfunction contour interval is the same in [a]–[c]).
Alternatively, (a)–(c) can be interpreted as the appearance of the wind field if the observer is (a) at rest relative to the
vortex, (b) moving at a moderate speed from east to west relative to the vortex, and (c) moving quickly from east to
west relative to the vortex. The characteristics of the streamlines associated with a vortex are reference-frame dependent.
A vortex is associated with closed streamlines only when viewed in a reference frame moving with the vortex, as in (a). The
closed streamlines associated with a vortex can ‘open up’ into waves when viewed from reference frames that are moving
relative to the vortex.

shear (horizontal vorticity) magnitude is often present, it
will be shown that such a relative maximum is not a require-
ment for instability. A relative maximum in shear/vorticity
magnitude implies that an inflection point is present in
the wind profile; that is, the second spatial derivative (with
respect to the horizontal or vertical direction, in the case of
horizontal or vertical shear instability, respectively) of the
wind speed changes sign. For this reason, shear instability is
also often termed inflection-point instability. Wind profiles
that have inflection points, either horizontal wind profiles
or vertical wind profiles in the absence of stratification, are
often inherently unstable. Lord Rayleigh and Tollmien17

are usually given credit for identifying the importance of
inflection points in wind profiles. For wind profiles that
vary directionally with height, one must consider wind
speed variations in vertical planes normal to the winds
(a range of orientations of the vertical planes must be
considered owing to the variation of wind direction with
height).

The physical explanation for why inflection points in
a wind profile are intrinsically unstable can be obtained
by considering the interaction of vortex lines.18 A plane
that intersects vortex lines can be viewed as a field of
point vortices, that is, point concentrations of vorticity

17 Walter Tollmien (1900–1968) was a German engineer best known for
his work in fluid dynamics and turbulence.
18 See Lin (1945) and Brown (1972b).

surrounded by irrotational flow. Given a field of point
vortices, the motion of any one is determined by the flow
superposed on it by all the other point vortices (Figure 3.17).
For example, two vortices of like sign rotate about each

+ - + +
(a) (b)

+ +

(c) (d)

+ -

Figure 3.17 Given a field of point vortices, the motion
of any one is determined by the flow superposed on it
by all the other point vortices. Here we consider simple
cases involving two point vortices. The sense of rotation
associated with each point vortex is indicated with arrows
(+ and − signs also identify the rotation as cyclonic and
anticyclonic, respectively), and the size of the arrows is
proportional to the strength of the point vortex (vorticity
magnitude). Light colored arrows indicate the motion of
each point vortex induced by the other point vortex. (a) A
pair of vortices having opposite signs and equal strength.
The two point vortices move in straight lines parallel
to each other. (b) A pair of vortices having the same
signs and equal strength rotate around a common center.
(c) A weaker vortex rotates around a stronger, like-signed
vortex; the weaker vortex induces a small movement of
the stronger vortex. (d) As in (c), but for oppositely
signed vortices.
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other19 (Figure 3.17b), and a weaker vortex rotates around
a stronger vortex (Figure 3.17c,d). We shall examine shear
instability using this conceptual model.

A two-dimensional parallel flow can be viewed as result-
ing from a large number of vortex lines (point vortices
in the plane containing the two-dimensional flow) moving
under the action of each other, such that the flow comprises
layers of vortex lines, with vortex lines of equal vorticity
being arranged in the same layer. When a fluid element, and
the vortex line that passes through the fluid element, is dis-
placed with a component normal to the flow, the vorticity
associated with the vortex line is conserved and the vortex
line finds itself surrounded by vortex lines associated with
either lesser or greater vorticity, depending on the ambient
gradient of vorticity. The vortex line (and the fluid element
associated with it) is accelerated back to its original layer
if the vorticity gradient at the location to which the vortex
line was displaced is the same sign as the vorticity gradient

19 This effect is sometimes called the Fujiwhara effect, after Sakuhei
Fujiwhara (1884–1950), a Japanese meteorologist who is best known
for his paper describing the interaction between two proximate cyclonic
vortices (Fujiwhara, 1931).

at the original location of the vortex line. The distribution
of vorticity within the parallel flow is therefore stable. On
the other hand, if the vorticity gradient at the location to
which the vortex line was displaced is the opposite sign as
the vorticity gradient at the original location of the vortex
line, which implies that an inflection point is present in the
velocity profile, then the vortex line (and the fluid element
associated with it) is accelerated away from its original
layer. This is the unstable case.

The reasons for the aforementioned accelerations can
be deduced by considering the interactions between the
vortex lines. First, let us consider the stable case of a velocity
profile having shear but no inflection point (Figure 3.18a).
Consider two sheets of vortex lines. Vortex lines within the
layer centered at y1 have a vorticity ζ1, while vortex lines
within the layer centered at y2 (y2 > y1) have a vorticity
ζ2, and ζ1 >ζ2. Now consider the displacement of a vortex
line A from y1 to y2. We do not care how the vortex
line got to its new location, and we shall assume that no
other vortex lines were affected during the displacement
from y1 to y2. However, once vortex line A is at its new
location y2, the previous balanced state that existed along
y2 is disrupted such that vortex lines are advected toward y2
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Figure 3.18 Schematic of a displaced vortex line A in a two-dimensional parallel flow (a) without and (b) with an
inflection point in the velocity profile. The evolution of vortex lines is shown on the right. The sense of rotation induced
by a vortex line is shown with arrows, with the size of the arrows increasing with increasing vorticity magnitude. Frame
(i) shows the vortex line distribution immediately after vortex line A has been displaced. The light purple arrows indicate
the prior position of vortex line A and the direction of its displacement. Frame (ii) shows the motion of the vortex lines
initially at y = y2 induced by vortex line A. The light purple arrows indicate the prior position of the vortex lines and the
direction of their motion. The rotation associated with two additional vortex lines influenced by vortex line A, originally
at y = y1 + �y/2 and y = y2 + �y/2, is indicated with orange arrows (these vortex lines are not shown in (i) in order to
limit clutter). Frame (iii) shows the distribution of vortex lines a little later and the direction toward which vortex line A
is accelerated. (Adapted from Brown [1972b] and based on the explanation provided by Lin [1945].)
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from above (to the left of A) and below (to the right of A).
The vortex lines that end up to the left of A have lesser
vorticity than the vortex lines that end up to the right of A,
creating a vorticity distribution surrounding A that leads
to acceleration in the negative y direction, back toward its
original location y1.

Next, we shall consider the unstable case of a velocity
profile having an inflection point (Figure 3.18b). We shall
again consider two layers of vortex lines at y1 and y2 having
vorticities ζ1 and ζ2, respectively, but in this case, suppose
that a relative maximum in vorticity lies between y1 and y2,
and that ζ2 >ζ1. We shall again consider the displacement
of a vortex line A from y1 to y2. Once again, the new
distribution of vorticity is such that additional vortex lines
are advected toward y2 from above and below. In this case,
however, the vortex lines that end up to the right of A have
weaker vorticity than the vortex lines that end up to the left
of A, so the net effect on vortex line A is an acceleration
in the positive y direction, away from its original location
y1. In this case the initial shear profile was unstable when
perturbed. Of course, in the case of vertical (as opposed
to horizontal) wind shear, the additional presence of stable
stratification also affects the net force acting on a displaced
fluid element, with static stability suppressing the tendency
for fluid elements to be accelerated away from their initial
positions.

Given that we have an inflection point in the wind pro-
file, owing to the presence of a vortex sheet or a finite-width
shear zone separating two air masses having different veloc-
ities, it is not too difficult to grasp physically how initially
weak wavelike disturbances introduced along the interface
will amplify given that these are simply a series of vortex
line displacements along the entire y2 axis. The interface
is a relative maximum in the magnitude of vorticity, as
explained earlier. Before the interface is perturbed, winds

blow parallel to the vorticity isopleths and vorticity advec-
tion is everywhere zero. When the interface is perturbed
sinusoidally, vorticity advection is induced along the inter-
face (Figure 3.19) such that the initial linear corridor of
vorticity is transformed into discrete patches of concen-
trated vorticity (Figure 3.15). Again, in the case of vertical
wind shear, the additional presence of a stable stratifica-
tion inhibits the growth of the disturbance imposed on the
interface.

It is generally difficult, if not impossible, to observe a
smoking gun that implicates shear instability as a vortex-
formation mechanism in the real atmosphere. In the real
atmosphere, we typically do not observe an initial, unsta-
ble mean state in which a relative maximum in wind
shear is devoid of vortices and is characterized by straight
flow, such as the initial state used for the numerical sim-
ulation depicted in Figure 3.15. Moreover, complicating
three-dimensional processes such as vorticity stretching
and tilting are usually also present (i.e., nondivergent,
rotational flows are generally not observed outside of ide-
alizations of the real atmosphere). It is also difficult, when
making observations, to separate the mean state from the
perturbations, as is done in the stability analyses in the
following two subsections (this point was also raised in
Section 3.3). Nonetheless, there is much circumstantial
evidence for the importance of shear instability, such as
observations of regularly spaced vortices along wind-shift
lines, tendencies for the intensity of vortices to increase
with increasing mean horizontal shear, and the fact that
vorticity structures and evolution in numerical simulations,
in which the aforementioned issues can be circumvented,
often closely resemble observations.

In Sections 3.1–3.4 we assessed instability by displacing
parcels away from locations where they were in equilib-
rium with their environments to new locations where the

A B
x

u

u

Figure 3.19 Growth of a sinusoidal perturbation on an initially uniform vortex sheet. The local sheet strength is indicated
by the thickness of the sheet. The base state wind is indicated with the bold black arrows. The magenta arrows above
and below the x axis indicate the direction of the induced vorticity movement along the sheet, concentrating vorticity
at points such as A and depleting the vorticity at points such as B. The thick black arrows indicate the sense of rotation
associated with the vortices that develop at points such as A. (Adapted from Batchelor [1967].)
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parcels experienced a net acceleration. The direction of
the acceleration determined whether the environment was
stable or unstable. Although we adopted a similar approach
above in order to gain physical insight into shear instabil-
ity, a quantitative assessment of shear instability generally
requires us to consider the growth or decay in amplitude
of an infinitesimal wavelike perturbation imposed on the
mean state.

Below we use what is known as linear stability analysis
to derive necessary conditions for instability in horizon-
tal and vertical wind profiles. In linear stability analysis,
we linearize a dynamical equation or system of dynamical
equations; that is, we derive equations for perturbations
about a basic state (basic state variables are usually indi-
cated with overbars and perturbation variables are usually
indicated with primes; terms involving products of per-
turbations are assumed to be small and are neglected).
Small wavelike perturbations are then introduced, and
we assess the conditions under which the perturbations
spontaneously amplify. One general limitation of linear
stability analysis is that it only predicts the onset of insta-
bility; it cannot be applied once perturbations have grown
large. Moreover, linear stability analysis cannot account
for the finite-amplitude disturbances that are often impor-
tant in triggering instabilities, as was mentioned earlier in
this chapter (e.g., in the initiation of both gravitational
convection and slantwise convection).

The analyses below strictly apply to inviscid flows (i.e.,
infinite Reynolds number); the inclusion of viscosity in the
forthcoming instability analyses is beyond the scope of this
book. Although viscosity usually has a stabilizing influence,
it occasionally can destabilize an otherwise stable parallel
flow.20

3.5.1 Horizontal shear instability

Let us consider a basic state on an f plane consisting of
purely zonal flow in geostrophic balance, that is, v = 0 and
u = u(y), where

u(y) = − 1

f0

∂�

∂y
, (3.67)

and � = � + �′ = gz is the geopotential, � = �(y) is the
base state geopotential, and �′ is the geopotential pertur-
bation, the Laplacian of which is associated with a vorticity

20 For example, parallel instability is a type of shear instability that
does not require an inflection point but requires the Coriolis force and
viscosity; that is, an ordinarily stable velocity profile (e.g., a linear one)
in a neutral stratification with rotation can be made unstable by the
presence of viscosity. Parallel instability may be a factor in the formation
of boundary layer convective rolls (Section 4.4).

perturbation. We are interested in the distributions of vor-
ticity that are unstable; thus, let us consider the barotropic
vorticity equation (appropriate for two-dimensional, invis-
cid, horizontal flows),

∂ζ

∂t
+ u

∂ζ

∂x
+ v

∂ζ

∂y
+ vβ = 0, (3.68)

where β = df /dy. A linearized version of (3.68) is
obtained by letting u = u + u′ = − 1

f0
∂�
∂y − 1

f0
∂�′
∂y ,

v = v + v′ = v′ = 1
f0

∂�′
∂x , ζ = −∂u/∂y, ζ ′ = 1

f0
∇2

h�′, and
neglecting products of perturbations:

(
∂

∂t
+ u

∂

∂x

)
∇2

h�′ + ∂�′

∂x

(
β − ∂2u

∂y2

)
= 0. (3.69)

Next we impose a �′ with a wavelike structure21 given by

�′ = �̂(y)eik(x−ct), (3.70)

where k is the zonal wavenumber (=2π/λx, where λx is the
zonal wavelength) of the geopotential perturbations that are
introduced, �̂(y) is the complex amplitude of the geopo-
tential perturbation, and the phase speed of the wavy dis-
turbance, c = cr + ic i, is also complex. Instability is present
when c has an imaginary part, that is, when ci 	= 0 such that
there is exponential growth of the disturbance in time. Sub-
stituting (3.70) into (3.69) and rearranging terms leads to

∂2�′

∂y2
− k2�′ +

(
β − ∂2u

∂y2

)
u − c

�′ = 0. (3.71)

For the case of β = 0, (3.71) is known as the Rayleigh
equation, which is well known in the field of fluid dynamics
as a form of the Orr–Sommerfeld equation, for the case of
infinite Reynolds number.

Again, we are interested in distributions of vorticity
that are unstable to small (and wavelike) perturbations.
We integrate (3.71) from y = −L to y = L and look for the
vorticity distributions that are associated with ci 	= 0. Before
integrating, it will be helpful to multiply (3.71) by �′∗, the
complex conjugate of �′, where �′ = �′

r + i�′
i and �′∗ =

�′
r − i�′

i. (Note that �′�′∗ = |�′|2 = �′2
r + �′2

i .) If we
assume that v = 0 at the boundaries, then the appropriate
boundary conditions are �′ = �′∗ = 0 at y = −L and

21 Waveform solutions are discussed in greater detail in Chapter 6, which
deals with gravity waves.
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y = L. Multiplying (3.71) by �′∗ and integrating over
y yields

∫ L

−L
�′∗ ∂2�′

∂y2
dy −

∫ L

−L
k2�′�′∗dy

+
∫ L

−L
�′�′∗

(
β − ∂2u

∂y2

)
u − c

dy = 0. (3.72)

Given that, via integration by parts,

∫ L

−L
�′∗ ∂2�′

∂y2
dy =

[
�′∗ ∂�′

∂y

]L

−L

−
∫ L

−L

∂�′∗

∂y

∂�′

∂y
dy

= −
∫ L

−L

∣∣∣∣∂�′

∂y

∣∣∣∣
2

dy, (3.73)

then (3.72) can be written as

−
∫ L

−L

[∣∣∣∣∂�′

∂y

∣∣∣∣
2

+ k2|�′|2
]

dy

+
∫ L

−L
|�′|2

(
β−∂2u

∂y2

)
u − c

dy = 0. (3.74)

The real and imaginary parts of (3.74) must each equal
zero. The imaginary part of (3.74) arises from the second
term when c is complex. Given that c = cr + ici, then

1

u − c
= u − c∗

u − c∗
1

u − c
= u − cr + ici

|u − c|2 , (3.75)

where c∗ is the complex conjugate of c. The imaginary part
of (3.74) therefore can be written as

ci

∫ L

−L
|�′|2

(
β − ∂2u

∂y2

)
|u − c|2 dy = 0. (3.76)

If the base state flow is unstable (i.e., ci 	= 0), then
the only way (3.76) can be zero, which is required by
(3.74), is if β − ∂2u

∂y2 changes sign at least once in the open
interval −L ≤ y ≤ L. In other words, instability is present
when there is a relative maximum in the base state abso-
lute vorticity, f − ∂u

∂y = f + ζ . This instability is known
as barotropic instability. Although (3.76) would not sug-
gest a favored latitude, one might expect that barotropic
instability would tend to be more important in the tropics
and at high latitudes because baroclinic instability tends

to dominate in midlatitudes where the meridional tem-
perature gradient is maximized. Furthermore, u tends to
be a maximum in midlatitudes, therefore ∂2u

∂y2 tends to

be negative in midlatitudes and β − ∂2u
∂y2 tends to every-

where positive in midlatitudes rather than changing sign.
Barotropic instability is believed to play a role in the growth
of disturbances south of the core of the African easterly jet.
The disturbances propagate westward and can form easterly
waves over the Atlantic Ocean, some of which develop into
tropical cyclones. Of course, surface heat fluxes and feed-
backs between latent heat release and the low-level pressure
and wind fields also play a critical role in the genesis of
tropical cyclones.

When β is negligible compared with ∂2u
∂y2 , as is typically

the case on the mesoscale, the instability is present when
∂2u
∂y2 changes sign, that is, when an inflection point is present
in the u profile. The requirement of an inflection point is
known as Rayleigh’s stability criterion. It is a necessary but
insufficient condition for instability. Fjørtoft later derived a
more stringent condition for instability: ∂2u

∂y2 (u − uI) must
be less than zero somewhere in the flow, where uI is the
base state zonal wind at the inflection point.22 Fjørtoft’s
instability criterion requires that the relative maximum in
vorticity be away from the boundaries in order for instability
to be present (Figure 3.20).

The requirement that the u profile has an inflection point
is a condition that is commonly satisfied along an interface
separating two air masses having different horizontal wind
velocities. For a finite-width shear zone, it has been shown
theoretically that the spacing between the vortices that result
from the manifestation of the inflection-point instability
should be approximately 7.5 times the width of the shear
zone. Obviously there is nothing special about having a
horizontal mean flow. If u = u(z) and the flow is neutrally
stratified (N2 = 0) such that vertical displacements of air
are not subjected to a buoyancy force, then the exact same
instability criterion applies; i.e., a vertical wind profile
having an inflection point (away from the ground, per
Fjørtoft’s criterion) is unstable. However, if the base state
is stably stratified (N2 > 0), then the destabilizing effects of
the wind shear must overcome the stabilizing effects of the
stratification if instability is to be achieved. This problem is
treated in the next section.

3.5.2 Kelvin–Helmholtz instability

Kelvin–Helmholtz instability is similar to horizontal
shear instability except that a stable stratification has a

22 See Fjørtoft (1950).
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Figure 3.20 Horizontal wind profiles stable and unstable to small perturbations. Inflection points in the wind profiles are
denoted with the letter ‘I.’ (Adapted from Kundu and Cohen [2008].)

suppressing effect on the instability. It was studied exten-
sively by Lord Kelvin and Helmholtz as early as the 1860s.
Although Kelvin and Helmholtz only investigated the case
of two layers of fluid having different densities, vertical
shear instability arising in environments with continuous
stratification is also referred to as Kelvin–Helmholtz
instability. Kelvin–Helmholtz instability is probably the
generating mechanism for much of the gravity wave
activity and turbulence in the atmosphere.

We derive a necessary condition for Kelvin–Helmholtz
instability below.23 Consider the linearized, inviscid,
Boussinesq, zonal and vertical momentum equations
given by

∂u′

∂t
+ u

∂u′

∂x
+ w′ ∂u

∂z
= − 1

ρ0

∂p′

∂x
(3.77)

∂w′

∂t
+ u

∂w′

∂x
= − 1

ρ0

∂p′

∂z
+ g

θ ′

θ
, (3.78)

where u = u(z) + u′, w = w′, p = p(z) + p′, θ =
θ(z) + θ ′, and ρ0 is a reference density.

23 Our derivation closely follows that of Howard (1961) and Kundu and
Cohen (2008).

Assuming dθ/dt = 0, the linearized thermodynamic
equation is

∂θ ′

∂t
+ u

∂θ ′

∂x
+ w′ ∂θ

∂z
= 0, (3.79)

which can be written as

∂θ ′

∂t
+ u

∂θ ′

∂x
+ w′ θN2

g
= 0, (3.80)

where N2 = g

θ

∂θ
∂z . We can reduce the complexity of the

problem by introducing a perturbation streamfunc-
tion ψ ′, such that u′ = ∂ψ ′/∂z and w′ = −∂ψ ′/∂x.
The momentum and thermodynamic equations given by
(3.77), (3.78), and (3.80) then become

∂2ψ ′

∂z∂t
+ ∂2ψ ′

∂x∂z
u − ∂ψ ′

∂x

∂u

∂z
= − 1

ρ0

∂p′

∂x
(3.81)

−∂2ψ ′

∂x∂t
− ∂2ψ ′

∂x2
u = − 1

ρ0

∂p′

∂z
+ g

θ ′

θ
(3.82)

∂θ ′

∂t
+ u

∂θ ′

∂x
− θN2

g

∂ψ ′

∂x
= 0. (3.83)
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The coefficients of (3.81)–(3.83) are independent of x
and t, which permits us to assume solutions of the form

[θ ′, p′, ψ ′] = [θ̂(z), p̂(z), ψ̂(z)] eik(x−ct), (3.84)

where θ̂ , p̂, and ψ̂ are complex amplitudes and c = cr + ici

also can be complex. As was the case in Section 3.5.1, the
solution is unstable if there exists ci 	= 0. Substituting (3.84)
into (3.81)–(3.83) gives

(u − c)
∂ψ̂

∂z
− ∂u

∂z
ψ̂ = − p̂

ρ0
(3.85)

k2(u − c)ψ̂ = − 1

ρ0

∂ p̂

∂z
+ g

θ̂

θ
(3.86)

(u − c)θ̂ − θN2

g
ψ̂ = 0. (3.87)

We can eliminate p̂ by subtracting (3.86) from ∂(3.85)/∂z,
and (3.87) can be used subsequently to eliminate θ̂ . The
resulting single equation for ψ̂ is then

(u − c)

(
∂2

∂z2
− k2

)
ψ̂ − ∂2u

∂z2
ψ̂ + N2

u − c
ψ̂ = 0. (3.88)

Equation (3.88) is a form of the widely known Taylor–
Goldstein equation. It can be rewritten in what will later be
a somewhat more useful form as

∂

∂z

[
(u − c)

∂ξ

∂z

]
−

[
k2(u − c) + 1

2

∂2u

∂z2

+
1
4

(
∂u
∂z

)2 − N2

u − c

]
ξ = 0, (3.89)

where ξ ≡ ψ̂(u − c)−1/2. Following a similar approach as
in Section 3.5.1, we multiply (3.89) by ξ∗, the complex
conjugate of ξ , and integrate from z = −H to z = H. The
boundary conditions are ξ (−H) = ξ (H) = 0, which imply
that ψ̂(−H) = ψ̂(H) = 0, which is consistent with assum-
ing that w′(−H) = w′(H) = 0 because w′ = −∂ψ ′/∂x =
−ikψ̂eik(x−ct).

Completing the aforementioned operations leads to

∫ H

−H
(u − c)

(∣∣∣∣∂ξ

∂z

∣∣∣∣
2

+ k2|ξ |2
)

dz + 1

2

∫ H

−H

∂2u

∂z2
|ξ |2 dz

=
∫ H

−H

N2 − 1

4

(
∂u

∂z

)2

u − c
|ξ |2 dz. (3.90)

The second term on the lhs of (3.90) is real, but the other
two terms in (3.90) have imaginary parts. With the aid of

(3.75), the imaginary part of (3.90) can be written as

−ci

∫ H

−H

(∣∣∣∣∂ξ

∂z

∣∣∣∣
2

+ k2|ξ |2
)

dz

= ci

∫ H

−H

N2 − 1

4

(
∂u

∂z

)2

|u − c|2 |ξ |2 dz. (3.91)

If the mean state is such that N2 > 1
4

(
∂u
∂z

)2
everywhere

over the interval −H ≤ z ≤ H, then (3.91) implies that the
product of ci and a positive quantity (on the rhs) equals
the product of −ci and a positive quantity (on the lhs; the
integral on the lhs is positive definite). This requires that
ci = 0, which implies stability. Thus stability is guaranteed
if Ri > 0.25 everywhere over the interval −H ≤ z ≤ H,
where Ri ≡ N2/

(
∂u
∂z

)2
is the gradient Richardson number

or Richardson number.
Note that the presence of Ri < 0.25 somewhere in the

flow is a necessary but insufficient condition for instability.
In fact, in laboratory experiments the critical Richardson
number is often less than 0.25, depending on the boundaries
and specific profiles of u(z) and N(z). Nonetheless, the
Ri < 0.25 condition for instability matches quite well with
the conditions for which the onset of instability is observed.

Perhaps curiously, an inflection point in the vertical
wind profile is not required, in contrast to the stability
requirement for horizontal shear instability; e.g., a linear
profile of u(z) can be unstable. If N2 = 0 and β = 0, it is
obvious that (3.88) takes the form of (3.71), with the differ-
ence being ∂2/∂z2 instead of ∂2/∂y2. Thus, when N2 = 0,
instability requires an inflection point in the u(z) profile,
even though Ri = 0 < 0.25. The Richardson number crite-
rion is derived from (3.88), but in the case of N2 = 0 we do
not obtain (3.88) in the first place. When N2 = 0, there can
be no nonzero θ ′, which is inconsistent with the assumed
form of θ ′ given by (3.84) used to derive (3.88). The
physical explanation for why an inflection point is needed
when N2 = Ri = 0, but not when N2 > 0 and Ri < 0.25, is
that buoyancy oscillations (present when N2 > 0) play an
important part in the development of Kelvin–Helmholtz
instability, such that they eliminate the inflection point
requirement.

Another approach to determining the instability crite-
rion is to consider the energetics involved in the exchange
of two parcels of air. This approach has been presented by
Chandrasekhar (1961), Lilly (1986), and Kundu and Cohen
(2008). Suppose we have two parcels at heights z0 and z0 +
�z in a horizontal airflow containing vertical wind shear
(Figure 3.21). The parcel at z0 is moving at a slower speed,
u = u0, than the parcel at z0 + �z, which is moving at u0 +
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Figure 3.21 An alternative approach to deriving a necessary condition for Kelvin–Helmholtz instability is to examine
the energetics involved in the exchange of two parcels of air separated by �z when the potential temperature surfaces
are perturbed in a wavelike manner (light (dark) blue potential temperature surfaces are before (after) the surfaces are
perturbed). The vertical profile of mean zonal wind speed (u) contains vertical shear (the u profile is shown on the far left),
and the vertical profile of mean potential temperature (θ) is stably stratified. It is assumed that potential temperature is
conserved during the exchange. Zonal momentum, however, is not conserved; it is assumed that both parcels have a zonal
wind speed of u0 + �u/2 after the exchange.

�u. (The overbars are used to indicate variables that charac-
terize the state of the environment, as was the case in Section
13.1.) We shall also assume a stable stratification such that
potential temperature increases with height; the parcel at
height z0 has a potential temperature of θ = θ0, and the
parcel at z0 + �z has a potential temperature of θ0 + �θ .

Next, we interchange the two parcels (we are investigat-
ing overturning between two air streams; if a parcel at z0

rises to z0 + �z, then mass continuity requires that another
parcel sink from z0 + �z to z0). The exchange of the two
parcels requires energy; that is, work must be done against
the stratification if the atmosphere is statically stable and
this work is equal to the increase in potential energy. The
energy comes from the mean wind field as shear is removed
by the exchange, leaving a final wind profile with decreased
kinetic energy. The total energy (kinetic plus potential
energy, both from the mean state and the perturbations)
is conserved in the exchange. If more kinetic energy is
available from the mean state than is needed to do work
against the stratification in exchanging the two air parcels,
then the flow is said to be unstable.

First we must calculate the work needed to exchange the
parcels. The work required to lift a parcel from z0 to z0 +
�z (W↑) is just the negative buoyancy (B = gθ ′/θ assumed,
where θ ′ = θ − θ) integrated from z0 to z0 + �z, that is,

W↑ = −
∫ z0+�z

z0

B dz = −g

∫ z0+�z

z0

θ − θ

θ
dz, (3.92)

where θ is the potential temperature of the parcel being
moved from z0 to z0 + �z andθ is the potential temperature

of the environment. The work can be represented
graphically on a thermodynamic diagram as being
proportional to the negative area if the denominator in the
integral is replaced with its average value in the layer, 〈θ〉

z

θ(z)

z0

z0+Δz

Δz

θ

Figure 3.22 Graphical representation of the amount of
work required to lift a parcel from z0 to z0 + �z (blue)
and to force a parcel to sink from z0 + �z to z0 (red)
in a stable stratification. The environmental potential
temperature (θ) profile is the solid black line. The dashed
lines are the parcel paths on the thermodynamic diagram
assuming that the vertical excursions are dry adiabatic.
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(Figure 3.22). Letting θ = θ0 (assuming that θ is conserved
and is equal to θ0 at z0) and θ = θ0 + ∂θ

∂z (z − z0) gives

W↑ = −g

∫ z0+�z

z0

θ0 − θ0 − ∂θ

∂z
(z − z0)

θ0 + ∂θ

∂z
(z − z0)

dz (3.93)

= g

〈θ〉
∂θ

∂z

∫ z0+�z

z0

(z − z0) dz, (3.94)

where it has been assumed that θ varies linearly with height
(i.e., ∂θ/∂z is a constant). Evaluation of (3.94) gives

W↑ = 1

2

g

〈θ〉
∂θ

∂z
(�z)2 = 1

2

g

〈θ〉 �θ �z, (3.95)

where �θ is the potential temperature difference over the
vertical distance �z (Figure 3.21). But thus far we have
only considered the work required to lift a parcel from z0

to z0 + �z. The work required to force a second air parcel
to sink from z0 + �z to z0 (W↓) is exactly equal to the
amount required to lift a parcel over the same distance
(Figure 3.22); that is, the total work, W , is

W = W↓ + W↑ = g

〈θ〉 �θ �z. (3.96)

Equation (3.96) reveals, rather intuitively, that the total
work required to exchange the air parcels increases as �z
and �θ increase.

Now that the amount of work to be done against the
stratification has been evaluated, the next step is to ascertain
the kinetic energy lost in the exchange, that is, the energy
available to do work, which is given by

�KE = KEf − KEi, (3.97)

where the f and i subscripts identify the final and ini-
tial states, respectively. The kinetic energy of each parcel
changes during the exchange because the parcels are accel-
erated or decelerated as they join the new air stream
above or below their initial level. As stated earlier, if the
kinetic energy available for the exchange exceeds the work
required for the exchange, then the flow is said to be
unstable.

The total kinetic energy before the exchange per unit
mass is

KEi = 1

2
u2

0 + 1

2
(u0 + �u)2, (3.98)

where 1
2 u0

2 is the kinetic energy of the parcel initially at z0,
and 1

2 (u0 + �u)2 is the kinetic energy of the parcel initially
at z0 + �z.

Obtaining the total kinetic energy per unit mass after
the exchange requires some hand-waving. If we assume
that each air parcel acquires the mean wind speed over the
layer extending from z0 to z0 + �z (in essence, the shear is
removed over the layer), then

KEf = 1

2

(
u0 + �u

2

)2

+ 1

2

(
u0 + �u

2

)2

=
(

u0 + �u

2

)2

, (3.99)

where 1
2

(
u0 + �u

2

)2
is the kinetic energy of each of the two

parcels after the exchange. The change in kinetic energy per
unit mass available for the exchange is therefore obtained
by subtracting (3.98) from (3.99),

�KE = KEf − KEi = −1

4
(�u)2. (3.100)

Note that kinetic energy is always lost by the exchange.

The instability criterion for Kelvin-Helmholtz instability
is that the magnitude of the kinetic energy available for the
exchange exceeds the work required for the exchange, i.e.,

−�KE > W . (3.101)

From (3.96) and (3.100),

1

4
(�u)2 >

g

〈θ〉 �θ �z (3.102)

g

〈θ〉
�θ �z

(�u)2
<

1

4
. (3.103)

For the linear profiles of u and θ assumed, (3.103) becomes

g

〈θ〉
∂θ

∂z(
∂u

∂z

)2 <
1

4
(3.104)

Ri <
1

4
(3.105)

where Ri is the Richardson number.
The earlier assumption that, after the exchange, each

air parcel acquires the mean wind speed over the layer
extending from z0 to z0 + �z results in the maximum
available kinetic energy in (3.100) without changing
the total momentum. In contrast, for the other two
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extremes—(i) both parcels accelerate/decelerate to a
speed that matches the environmental wind at the new
levels attained by the parcels, or (ii) neither parcel
accelerates/decelerates at all during the exchange—the
change in kinetic energy is zero. Thus, the instability
criterion for Kelvin–Helmholtz instability could actually
be stricter than that indicated by (3.105). Furthermore,
as also mentioned after the instability analysis involving
the Taylor-Goldstein equation, (3.105) should really be
regarded as a minimum criterion for Kelvin-Helmholtz
instability. Nonetheless, the prediction by (3.105) does
seem to fit observations reasonably well and agree with
more rigorous theoretical analyses.
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