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Mesoscale Gravity Waves

Gravity waves are ubiquitous in the atmosphere.1 The
equations that govern atmospheric flow allow wave solu-
tions of all sorts, and gravity waves (or buoyancy oscilla-
tions) are possible under statically stable conditions. Waves
can be generated by airflow over mountains, the pene-
tration of stable layers by convection, density impulses,
vertical shear instabilities, and the disruption of balanced
flow. Gravity waves influence the general circulation of
the atmosphere through their transport and deposition
of momentum, and are important in the adjustment of
the atmosphere toward a balanced state through their
adjustments of the mass and momentum fields.

Gravity waves typically transfer much of their energy
upward, and therefore usually lose much of their ampli-
tude by the time they have traveled even a few wavelengths
horizontally from their source. However, when the static
stability or the wind shear change with height, upward-
propagating wave energy can be reflected, allowing gravity
waves to travel large distances horizontally from their
source before surrendering most of their energy. These
large-amplitude, ‘ducted’ gravity waves, sometimes referred
to as mesoscale gravity waves (or solitary waves, if only one
dominant waveform is present), can occasionally have a sig-
nificant impact on weather by producing bands of enhanced
precipitation within larger-scale regions of precipitation
(Figures 6.1 and 6.2). In unsaturated environments, ducted
gravity waves of sufficient amplitude can lift air parcels
to saturation, or even to their level of free convection,
if one exists (Figure 6.3) (see Chapter 7). Ducted waves
generally occur in the lower atmosphere in a deep sta-
ble layer; therefore, we consider them lower-tropospheric

1 Strictly speaking, we are referring to internal gravity waves, because
there are no free surfaces in the atmosphere.

phenomena, and they are the focus later in this chapter.
Before we can understand ducted waves, however, we must
first understand basic internal gravity waves, which also are
crucial in Chapter 12, wherein mountain-generated waves
are considered.

6.1 Basic wave conventions
Atmospheric phenomena often appear as wavelike patterns
on weather maps, in the sense that they involve periodic
variations of quantities such as temperature and wind. Also,
we know from Fourier analysis that any continuous func-
tion can be constructed through the superpositioning of
waveforms. For these reasons, it is common in meteorology
to assume a wave solution for atmospheric variables and
then use these assumed solutions to assess properties of the
flow. This type of analysis is most useful when the final
equation set is linear (i.e., it does not contain terms involv-
ing multiplication of perturbations from a base state). The
most common waveforms we tend to think of are simple
sine and cosine functions along one direction, expressed as,
for example,

f = A cos

[
2π

λx
(x − ct)

]
(6.1)

where λx is the wavelength in the x direction, c is the
phase speed, and A is the amplitude. From (6.1), we see
that, as x increases from 0 to λx at t = 0, the function f
varies from cos 0 to cos 2π and thus completes a full wave
cycle. For positive values of c, the wave will move toward
positive x with time. It is often more convenient to express
the rhs of (6.1) in terms of wavenumber, k, and angular
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Figure 6.1 Isochrones (UTC) of a large-amplitude gravity wave crest on 11–12 February 1983, during one of the heaviest
snowstorms ever to strike the Northeast US major cities. Wind barbs indicate the vector wind shift associated with the
wave passage. (Adapted from Bosart and Sanders [1986].)
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Figure 6.2 Surface pressure analyses (mb; the leading ‘9’ or ‘10’ is dropped) for (a) 0600 UTC and (b) 0900 UTC on 15
December 1987. Pressure troughs (ridges) associated with mesoscale gravity waves are indicated with dashed (dotted)
lines. (Adapted from Schneider [1990].)
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Figure 6.3 Series of visible satellite images from 14 March 1997 (1515, 1610, 1702, and 1815 UTC), showing a soliton
(a train of amplitude-ordered solitary waves) and the subsequent initiation of a thunderstorm in southern Texas. The storm
went on to produce 4.5 inch diameter hail. (Courtesy of the Storm Prediction Center.)

frequency, ω, using the definitions k = 2π/λx and ω = ck
for a one-dimensional wave. Then (6.1) becomes

f = A cos(kx − ωt). (6.2)

For a function having a wave structure in the x and z
directions (Figure 6.4), we modify (6.2) to include the
second direction such that it becomes

f = A cos (kx + mz − ωt) (6.3)

where m = 2π/λz and λz is the vertical wavelength. For
notational convenience and to allow for cosine as well as
sine solutions, we shall often express our assumed wave
solutions in the form

f = �
{

Aei(kx+mz−ωt)
}

(6.4)

where A is now a complex amplitude (i.e., A = Ar +
iAi), ei(kx+mz−ωt) expands to cos(kx + mz − ωt) + i sin(kx

z

x

kx + m
z = constantΦ

λx

λz

κ

Figure 6.4 Basic wave properties. Lines indicate con-
stant phase for a plane wave; λx (k) and λz (m) are the
wavelengths (wavenumbers) in the x and z directions,
respectively, φ is the angle between the phase lines and
the vertical, and κ is the wave vector.
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+mz − ωt), and the � operator indicates that we retain
only the real part of the quantity in brackets.

At any particular time, the quantity kx + mz − ωt is
described as the phase of the wave, and lines of constant
phase are called wavefronts, which are perpendicular to the
wave vector (also sometimes called the wavenumber vector)
κ = ki + mk. We can write (6.3) using the wave vector and
a position vector, r = xi + zk, to obtain

f = A cos (κ · r − ωt) . (6.5)

The wave propagates along the direction of κ with a phase
speed c. This speed corresponds to the d|r|/dt one must
have in order to keep the phase constant in time. In other
words, we can find c by setting d (κ · r − ωt) /dt = 0 and
solving for |dr/dt|. Thus, we find, following a line of
constant phase,

d (κ · r − ωt)

dt
= κ · dr

dt
− ω = 0, (6.6)

and the magnitude of the phase speed is given by

c = d|r|
dt

= ω

|κ | = ω√
k2 + m2

. (6.7)

At times, we shall be interested in the speed of the wave-
fronts along a particular direction, such as the horizontal
or the vertical. We find these speeds using an identi-
cal procedure to that used in finding (6.7), but we hold
one of the directions (e.g., z) constant in order to find
the phase speed along the other direction (e.g., x). Fol-
lowing a line of constant phase and holding z constant
yields

d (kx + mz − ωt)

dt
= k

dx

dt
− ω = 0, (6.8)

from which we obtain the phase speed in the x direction,
given by

cx = dx

dt
= ω

k
. (6.9)

The equivalent procedure for the z direction yields

cz = ω

m
. (6.10)

It is important to note that the phase velocity has a mag-
nitude given by c and a direction given by a unit vector
along the direction of κ . It does not behave like a vector in
the sense that c �= √

c2
x + c2

z . Rather, from Figure 6.4, the
phase speed along either the x or the z directions is greater
than that along κ , because wavefronts take a shorter time

to traverse a given distance along these directions than they
do along κ .

When waves occur within a fluid having an ambient
wind, the frequency will experience a Doppler shift along
the wind direction with a magnitude given by the wind
speed multiplied by the wavenumber for that direction
(i.e., uk for an environmental wind u along the x direction).
We define the intrinsic frequency, �, as that which the wave
would experience in the absence of an ambient wind. Thus,

ω = � + uk (6.11)

in the case of an ambient wind in the x direction. From
(6.9), we can use (6.11) to determine the phase speed in the
x direction as

cx = �

k
+ u (6.12)

The quantity �/k is the intrinsic phase speed, and it
represents the phase speed measured by an observer moving
with the ambient wind. Equation (6.12) indicates that the
ground-relative phase speed along a particular direction is
shifted from its intrinsic value by an amount equal to the
component of the ambient wind along that direction.

In the atmosphere, waves do not extend indefinitely in
space as would be implied by (6.3), but instead occur in
the form of wave packets (Figure 6.5), which are limited
regions within which waves have appreciable amplitude.
These packets are the result of superpositioning multiple
waves of the form given by (6.3) with slightly different

x

z

t2 > t1

t3 > t2

t1

air motion

wave
phase propagation

wave
energy propagation

energy and phase propagation of a wave packet

Figure 6.5 Relationship between wavefronts, phase
velocity, and group velocity for an internal gravity wave.
(Adapted from Hooke [1986].)
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frequencies and wavenumbers. The classic example of
this effect involves superpositioning two one-dimensional
waves with equal amplitudes, A, but slightly different
wavenumbers, k0 ± δk, and frequencies, ω0 ± δω. When
these waves are added together, the resulting waveform is
given by

f = A cos [(k0 + δk) x − (ω0 + δω) t]

+ A cos [(k0 − δk) x − (ω0 − δω) t] . (6.13)

Using standard trigonometric identities, this can be writ-
ten as

f = 2A cos (δkx − δωt) cos (k0x − ω0t) (6.14)

from which we see that the superpositioning of the two
wave modes has created an amplitude envelope given by
2A cos (δkx − δωt). The movement of this amplitude enve-
lope determines the speed and direction of the flow of wave
energy. In analogy to (6.7), we can determine that the speed
of the amplitude envelope (called the group velocity, cg) is
given by

cgx = δω

δk
. (6.15)

In the limit of small δk and δω, and assuming that δω and
δk are not independent [i.e., ω = ω(k)], this becomes

cgx = ∂ω

∂k
. (6.16)

In the example given here for a one-dimensional wave,
the group velocity and the phase velocity are in the same
(x) direction, as is typical for external waves. If ω has
a simple relationship with k, such that ω is equal to a
constant multiplying k, then (6.9) and (6.16) indicate that
the phase speed and the group velocity speed will be
equal and constant (i.e., not a function of wavenumber).
In this case, the waveform produced through superposi-
tioning waves with different wavelengths does not change
shape as it moves, because all wavelengths travel at the
same speed. In general, ω often has a more complicated
relationship with k such that we obtain different phase
speeds for different wavelengths, causing individual waves
to move faster or slower than the amplitude envelope cre-
ated by superposition. For internal waves, we shall find
that the group and phase velocities are not in the same
direction.

For two-dimensional waves, the analysis can be extended
to find that the group velocity in the z direction is given by

cgz = ∂ω

∂m
. (6.17)

The group velocity often provides a critical boundary
condition on the wave solution, as energy is always required
to travel away from the source of wave activity.

6.2 Internal gravity wave dynamics
For most of us, our experience with waves is founded on
those that appear on a water surface such as a lake or ocean.
Waves such as these, forming along the interface between
two fluids of very different densities and having their
maximum amplitude at this interface (the external surface
of the lower, generally homogeneous and incompressible,
fluid), are referred to as surface waves or external waves. In
contrast, internal waves are found in a fluid with continually
varying density and have their maximum amplitude within
the fluid. Unfortunately, the two types of waves behave
very differently, such that our intuitive understanding of
external waves does little to aid our understanding of waves
in the atmosphere which are internal. Thus, we must use
the equations of motion to develop our understanding of
these waves.

Most interesting aspects of gravity wave behavior are
retained even when the perturbations associated with the
waves are assumed to be small compared with the mean
flow. Thus, we linearize the equations of motion by assum-
ing that flow variables consist of a mean part, which we
assume is either constant or varies only in the vertical, and a
smaller-amplitude fluctuating part that varies in both space
and time and is designated with a prime (e.g., u = u + u′).
We substitute these into the equations of motion and
ignore any terms containing multiples of primed variables.
By ignoring the nonlinear terms, we remove some of the
interesting physics of waves, such as nonlinear steepen-
ing, by which sharp gradients in the flow can develop,
but we retain sufficient information to explain their basic
behavior.

To simplify our analysis, we assume two-dimensional
waves varying in only the x and z directions. Thus, we
start with the two-dimensional equations of motion in
the x and z directions (v = 0, ∂/∂y = 0), the continuity
equation, and a thermodynamic equation. We neglect the
Coriolis force and viscosity. Unlike most atmospheric phe-
nomena, wave motions can extend over a great depth even
though individual parcel excursions remain relatively shal-
low. In order to keep the problem tractable, we assume that
motions are adiabatic and ignore the changes in density fol-
lowing a parcel in our mass continuity equation. However,
because the wave may propagate over a significant depth,
we retain the variation of the mean state density with height
in the momentum equations (i.e., we assume ρ = ρ(z) in
the pressure gradient terms). We also approximate the
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buoyancy as gθ ′/θ , where θ = θ(z) is the base state poten-
tial temperature and θ = θ + θ ′. The equations of motion
are then

∂u

∂t
+ u

∂u

∂x
+ w

∂u

∂z
= − 1

ρ

∂p′

∂x
(6.18)

∂w

∂t
+ u

∂w

∂x
+ w

∂w

∂z
= − 1

ρ

∂p′

∂z
+ g

θ ′

θ
(6.19)

∂u

∂x
+ ∂w

∂z
= 0 (6.20)

∂θ

∂t
+ u

∂θ

∂x
+ w

∂θ

∂z
= 0 (6.21)

where p′ is the departure of pressure from a hydrostatic
base state defined by ∂p/∂z = −ρg.

As mentioned previously, the easiest way to demonstrate
wave solutions will be to linearize the above equations. We
shall assume that w = w′, θ = θ(z) + θ ′, and the base
state zonal wind profile (u) is a function of z, such that
u = u(z) + u′. We ignore any terms containing multiplica-
tions of perturbation (primed) quantities. All of the above
assumptions lead to a simpler system of equations:

∂u′

∂t
+ u

∂u′

∂x
+ w′ ∂u

∂z
= − 1

ρ

∂p′

∂x
(6.22)

∂w′

∂t
+ u

∂w′

∂x
= − 1

ρ

∂p′

∂z
+ g

θ ′

θ
(6.23)

∂u′

∂x
+ ∂w′

∂z
= 0 (6.24)

∂θ ′

∂t
+ u

∂θ ′

∂x
+ w′ ∂θ

∂z
= 0. (6.25)

We seek one equation in one unknown2, w′. We first
multiply all equations by ρ and eliminate p′ by taking ∂

∂x
(6.23) - ∂

∂z (6.22) and eliminating like terms to obtain

ρ

(
∂

∂t
+ u

∂

∂x

) (
∂w′

∂x
− ∂u′

∂z
− 1

ρ

dρ

dz
u′

)

−w′ dρ

dz

du

dz
− w′ρ

d2u

dz2
− ρ

g

θ

∂θ ′

∂x
= 0. (6.26)

where we have replaced partial derivatives with respect to
z with ordinary derivatives for those variables that depend
only on z. We now take ∂(6.26)/∂x and use (6.24) to
eliminate all ∂u′/∂x terms. This yields

2 It would be equally valid to solve this system of equations by assuming
a waveform for all perturbation variables, substituting these assumed
solutions into the equations, performing all differentiations, and then
solving the resulting set of equations using the methods of linear algebra.

ρ

(
∂

∂t
+ u

∂

∂x

)(
∂2w′

∂x2
+ ∂2w′

∂z2
+ 1

ρ

dρ

dz

∂w′

∂z

)

−dρ

dz

du

dz

∂w′

∂x
− ρ

d2u

dz2

∂w′

∂x
− ρ

g

θ

∂2θ ′

∂x2
= 0. (6.27)

Next, we divide (6.27) by ρ and eliminate θ ′ by applying(
∂
∂t + u ∂

∂x

)
to (6.27) and combining with (6.25), which

gives

(
∂

∂t
+ u

∂

∂x

)2 (
∂2w′

∂x2
+ ∂2w′

∂z2
+ 1

ρ

dρ

dz

∂w′

∂z

)

−
(

∂

∂t
+ u

∂

∂x

)(
1

ρ

dρ

dz

du

dz
+ d2u

dz2

)
∂w′

∂x

+ g

θ

dθ

dz

∂2w′

∂x2
= 0 (6.28)

We assume a solution for w′ given by

w′ = �
{∑

k

w′
k

}
= �

{∑
k

w̃k ei(kx−ωkt)

}
, (6.29)

where w̃k is a complex amplitude (i.e., w̃k = w̃kr + iw̃ki)
that is a function of height, the � operator indicates that we
keep only the real part of the quantity in brackets, and ωk is
the frequency corresponding to the kth mode. Note that the
complex amplitude is necessary in order to fit any arbitrary
initial and boundary conditions (e.g., our boundary condi-
tions can be accommodated whether they are sine functions
or cosine functions because the real part of (6.29) expands
to w′

k = w̃kr cos(kx − ωkt) − w̃ki sin(kx − ωkt). From this
point forward, it will be assumed that only the real part
of the final expanded solution for a variable is of physical
interest without explicitly writing the � operator.

We now substitute (6.29) into (6.28), noting that
∂w′

k/∂x = ikw′
k and ∂w′

k/∂t = −iωkw
′
k for each k. This

yields the following expression:

∑
k

[
(−iωk + uik)2

(
i2k2w̃k + d2w̃k

dz2
+ 1

ρ

dρ

dz

dw̃k

dz

)

− (−iωk + uik)

(
ik

d2u

dz2
+ 1

ρ

du

dz

dρ

dz
ik

)
w̃k

+N2i2k2w̃k

]
ei(kx−ωkt) = 0, (6.30)

where N2 = g
θ

dθ
dz . At this point, it is helpful to recall that

the intrinsic frequency, that which the wave would have if
observed in a reference frame moving with the mean wind,
is given by � = ω − uk, which we substitute into (6.30)
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and then divide each term by �2. We note that the modes
being summed in (6.30) are linearly independent (i.e.,
they do not cancel with one another no matter what their
amplitudes, just as one could not change the amplitude of
orthogonal vectors and cause them to cancel), such that
the only way the summation can be equal to zero is if the
term in brackets is zero for each of the modes separately.
Thus, we can write (6.30) for an individual mode k, and
we hereafter neglect the k subscripts on the amplitude and
frequency. Also, recognizing that i2 = −1, the bracketed
term in (6.30) becomes

d2w̃

dz2
+ 1

ρ

dρ

dz

dw̃

dz

+
(

k

�

d2u

dz2
+ k

�

1

ρ

dρ

dz

du

dz
+ k2N2

�2
− k2

)
w̃ = 0.

(6.31)
If we make the common assumption of an exponentially
decreasing density profile, such that 1

ρ

dρ

dz = − 1
H , where

H is the scale height, we obtain

d2w̃

dz2
− 1

H

dw̃

dz

+
(

k

�

d2u

dz2
− k

�

1

H

du

dz
+ k2N2

�2
− k2

)
w̃ = 0.

(6.32)
By (6.32), the amplitude will vary with height based partly
on the density profile. We can incorporate this part of the
height dependence by expressing our equation in terms of
a new variable, ŵ, such that

w̃ = ez/2Hŵ. (6.33)

We note from (6.33) that the effect of decreasing density
with height is to amplify the wave (i.e., |w̃| increases
with height if ŵ is constant), leading to important effects
in the stratosphere and mesosphere that will not be
discussed herein. Substituting (6.33) into (6.32), applying
the product rule when performing the differentiations
with respect to z, and canceling like terms yields the
Taylor-Goldstein equation3

d2ŵ

dz2

+
(

k2N2

�2
+ k

�

d2u

dz2
− k2 − k

�

1

H

du

dz
− 1

4H2

)
ŵ = 0.

(6.34)

3 See Taylor (1931) and Goldstein (1931).

The Taylor-Goldstein equation shows that the gravity
wave structure with height depends on the environmental
static stability (quantified by N2) and the vertical wind
profile, as well as the distribution of density with height
(as manifested in the H terms). For any given profiles of N
and u, the solution to (6.34) can be obtained numerically
through direct simulation or analytically using the WKB4

technique, for which the term in brackets must be slowly
varying such that it does not change significantly over one
vertical wavelength. The WKB method is outside the scope
of this book, but the reader is referred to Nappo (2002)
for a review of this method. For our purposes, we shall
assume hereafter that the term in brackets is constant
within a layer of the atmosphere. Furthermore, if density
is constant with height, H is effectively infinite; thus, the
terms with 1/H go to zero and w̃ = ŵ. Even if density is
not constant, the 1/H terms may be ignored if the vertical
wavelength is much less than H, and this will be assumed
to be the case for the remainder of our discussion. Thus,
from this point forward we simplify the Taylor-Goldstein
equation as

d2ŵ

dz2
+

(
k2N2

�2
+ k

�

d2u

dz2
− k2

)
ŵ = 0, (6.35)

which can also be written as

d2ŵ

dz2
+

[
N2

(cx − u)2
+ 1

(cx − u)

d2u

dz2
− k2

]
ŵ = 0, (6.36)

where we have used the relationship cx = ω/k = �/k + u.
Given (6.36), each mode of ŵ has a solution of the form

ŵ = Aeimz + Be−imz (6.37)
such that

w′ = Aei(kx+mz−ωt) + Bei(kx−mz−ωt) (6.38)
with

m =
√

N2

(cx − u)2
+ 1

(cx − u)

d2u

dz2
− k2, (6.39)

and A, B representing constant complex wave amplitudes.
The z dependence of w is determined by whether m is real or
imaginary, which depends on whether the bracketed term
in (6.36) is positive or negative. Fundamentally different
solutions are obtained for the two cases. If m is real,
the solution is a two-dimensional wave with propagation
in both the horizontal and vertical directions. If m is

4 Named after the physicists G. Wentzel, H. A. Kramers, and L. Brillouin.
The WKB technique was originally applied in the field of quantum
mechanics.



168 MESOSCALE GRAVITY WAVES

imaginary, we make the substitution m = iμ, where μ is a
real number, such that (6.38) becomes

w′ = Ae−μzei(kx−ωt) + Beμzei(kx−ωt). (6.40)

When B = 0 in (6.40), as it must in order to prevent
physically unreasonable solutions that grow unbounded
with height, the solution for w exhibits exponential decay
with height and is referred to as an evanescent solution. In
this case, waves are unable to propagate vertically. To better
understand conditions that favor propagating waves over
evanescent solutions, we now consider some simplified
environments.

6.2.1 Environments with constant wind
and static stability

When u = u0 and N are both constant, (6.39) leads to

m2 = −k2 + k2N2

�2
, (6.41)

and we find that wave solutions (i.e., those with m2 > 0)
are possible when �2 < N2. If �2 > N2, only evanescent
solutions (m2 < 0) are possible. In order to understand
physically why the solution behavior changes so dramati-
cally when � exceeds N, we must think a bit more deeply
about the types of oscillations due to buoyancy that the
atmosphere is able to support. In Section 3.1, it was shown
that vertical motions due to buoyancy in a stable atmo-
sphere have an oscillation frequency equal to N. Parcels
within internal gravity waves do not follow a strictly verti-
cal path, but, nonetheless, are also driven by buoyancy. If
buoyancy is the sole force acting in the direction of par-
cel oscillation (i.e., if perturbation pressures are constant
along the direction of oscillation, as we shall see is the case
for internal gravity waves), then the oscillation frequency
can be derived in the same manner as is done for verti-
cal displacements, with the full buoyancy, B, replaced by
its component along the direction of oscillation, B cos φ,
where φ is the angle with respect to the vertical along
which the oscillation occurs. The frequency of this oscil-
lation will be given by N cos φ. Thus, with buoyancy as
the restoring force, the atmosphere can support oscilla-
tions with frequencies less than or equal to N for angles
with respect to the vertical varying between 90◦ (purely
horizontal) and 0◦ (purely vertical). Oscillations with a
frequency greater than N cannot be supported. We like to
think of this as analogous to a child’s paddle toy with a
ball on a string. Given a particular length of string, there
is a preferred oscillation frequency at which one naturally
drives the paddle in order to keep the ball in motion. This

frequency could be altered by changing the length of the
string (analogous to oscillating along a slanted, rather than
vertical, path in the atmosphere). However, if the paddle
is driven at a frequency greater than the natural oscillation
frequency, the ball will not undergo organized oscillatory
motions.

The oscillation frequency for wave solutions is given by
the dispersion relation, obtained using the ω from (6.41).
Thus,

ω = u0k + � = u0k ± kN(
k2 + m2

)1/2

= u0k ± λzN(
λ2

x + λ2
z

)1/2
= u0k ± N cos φ, (6.42)

where λx = 2π/k and λz = 2π/m are the wavelengths
in the horizontal and vertical directions, respectively.
This important relationship indicates that the intrinsic
oscillation frequency (�) of internal gravity waves
depends only on the static stability and the angle at
which the oscillation occurs with respect to the vertical,
as we deduced above based on physical arguments. Any
combination of k and m resulting in the same angle for
the wave vector will therefore have the same intrinsic
oscillation frequency. (Note that this is in contrast to
surface waves for which the oscillation frequency is a
function of the magnitude of the wave vector.) According
to (6.42), internal gravity waves are dispersive, with
each wavelength having a different phase speed. The
physics of an individual problem will often determine
whether the positive or negative branch is relevant
in (6.42).

Considering only the positive branch of (6.42), the phase
speeds in the x and z directions are given by

cx = ω

k
= u0 + �

k
= u0 + N(

k2 + m2
)1/2

(6.43)

cz = ω

m
= u0

k

m
+ �

m
= u0

k

m
+ kN

m
(
k2 + m2

)1/2
. (6.44)

Dispersion causes waves of different wavelengths to go in
and out of phase as they travel, creating an envelope of
amplitude that travels at the group velocity, cg, given by
[again considering only the positive branch of (6.42)]

cg =
(

∂ω

∂k
,
∂ω

∂m

)
(6.45)

with

cgx = u0 + Nm2(
k2 + m2

)3/2
(6.46)
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and

cgz = − Nkm(
k2 + m2

)3/2
(6.47)

which indicate the direction of energy transfer in the x
and z directions, respectively. We note that cz and cgz

have opposite signs, indicating upward (downward) trans-
port of energy for downward (upward) phase propagation
(Figure 6.5). This is true whether we choose the positive or
negative branch of (6.42).

The above result can seem somewhat counterintuitive.
How can energy go in a different direction than that in
which the wave is going? The difficulty in understanding
this perhaps stems from thinking in terms of a single wave
mode for which the amplitude is constant spatially and the
magnitude of the function at any point is a function only
of phase, with troughs and ridges denoting the locations
of maximum absolute value. Once we add in additional
wave modes with wavelengths slightly different from the
original one, however, this picture is no longer valid. Now
the amplitude is tied to the sum of the values of all of the
waves rather than the particular phase of any one wave. In
essence, the presence of multiple wavelengths breaks the
link between the magnitude of the function and the phase
of any one mode. Thus, it should not be surprising that the
phase speed and the group velocity, which is determined by
the movement of the energy-containing amplitude enve-
lope, can be in completely different directions. This implies
that individual crests and troughs move through the ampli-
fication envelope with their amplitudes changing according
to their location within the packet.

We also note that, for u0 = 0, the slope of the group
velocity vector with respect to the horizontal is cgz/cgx =
−k/m such that the group velocity is perpendicular to the
phase velocity, which lies along the wave vector having a
slope with the horizontal given by m/k. To understand
why the two are perpendicular, recall that ω is constant for
parcel oscillations at a given angle from the vertical and that
parcel oscillations are along the wavefronts, perpendicular
to the phase velocity. Thus, the phase velocity vector (along
κ) defines a line of parcels having equal ω. We can rotate
our coordinates such that, rather than having a k compo-
nent along x and an m component along z, we have a k′
component along κ and an m′ component perpendicular
to κ . If we express the group velocity in terms of these two
components, we see that the component along the phase
velocity will be zero since ω is constant (i.e., not a function
of wavenumber) along that line. Thus, the only surviving
component of group velocity is perpendicular to the phase
velocity, along the phase lines and parallel to the parcel
oscillations. The fact that cg = 0 along the line of constant

parcel ω does not imply there is not interference between
waves of different wavelengths along that direction. In
fact, a constant value for ω implies varying phase speeds
for varying wavelengths, creating an amplitude envelope.
However, given the constant value for ω along this direc-
tion, the amplitude envelope remains stationary along c as
the individual waves move through it.

We can use (6.22)–(6.25) to derive expressions for u′,
θ ′, and p′ in relation to w′, by assuming solutions for each
of them that are of the same form as (6.29) (replacing the ˜( )
variables with ˆ( ) variables given our previous assumptions)
and substituting these into (6.22)–(6.25) to obtain the
polarization equations:

−iωû + iku0û = −ik
p̂

ρ
(6.48)

−iωŵ + iku0ŵ = − 1

ρ

∂ p̂

∂z
+ g

θ̂

θ
(6.49)

ikû + dw

dz
= 0 (6.50)

−iωθ̂ + iku0θ̂ + ŵ
dθ

dz
= 0. (6.51)

Solving for each variable in terms of ŵ using (6.37) with
B = 0, yields

û = −m

k
ŵ (6.52)

p̂ = −ρm(ω − u0k)

k2
ŵ = −ρm�

k2
ŵ (6.53)

θ̂ = − i

(ω − u0k)

dθ

dz
ŵ = − i

�

dθ

dz
ŵ. (6.54)

For the special case in which u0 = 0 (Figure 6.6), from
(6.52), we see that the slope of the parcel motions (w′/u′) is
equal to −k/m, which indicates that the parcel motions are
in the same direction as the group velocity, along the phase
lines and perpendicular to the phase velocity. From (6.53),
we see that pressure is in phase with w′ when m is negative
and 180◦ out of phase with w′ when m is positive (note that
both k and m are negative in Figure 6.6). Perturbation pres-
sure also is constant along a phase line, consistent with our
assumption when using physical arguments to determine
the oscillation frequency. Finally, the i on the rhs of (6.54)
indicates that θ ′ is 90◦ out of phase with w′ (i.e., if w′ con-
tains cos(kx + mz − ωt), θ ′ contains sin(kx + mz − ωt).
These relationships can be used to distinguish features due
to gravity waves from those due to buoyant convection, for
which w′ and θ ′ are in phase. In Figure 6.6, the wavefronts
move downward and to the left. We can see why this is the
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Figure 6.6 Relationship between potential temperature,
velocity, and pressure perturbations for an internal gravity
wave with u = 0. (Adapted from Durran [1990].)

case by considering, for example, the perturbation potential
temperature. The location between the most buoyant fluid
(largest positive θ ′) and the least buoyant fluid (largest neg-
ative θ ′) is collocated with negative vertical velocity, which
leads to increasing buoyancy following a parcel in a stable
atmosphere. Thus, the region of most buoyant fluid moves
toward this direction. It is in this manner that the phase
lines propagate in the direction shown, exactly as predicted
by (6.43) and (6.44).

6.3 Wave reflection
When the static stability and/or winds vary with height in
such a way that they are relatively constant within particular
layers, waves may experience refraction and/or reflection
at the interface between these layers, in a similar manner
to optical rays passing through layers of varying density. In
the case of reflection, for each upward-propagating wave
a downward-propagating wave is produced. This can have
an interesting effect on the waveforms, as the upward- and
downward-propagating waves interact. This interaction
can be either constructive, leading to an increase in wave
amplitude, or destructive, leading to decreased amplitude.
Constructive interference leads to the trapping of wave
energy within the lower layer, which is then referred to as a
wave duct.

We first consider the simple case of reflection at the
interface between two layers in the absence of any ambient

wind (i.e., u0 = 0).5 To begin with, we must know what
is required to happen at the interface (i.e., we must know
the boundary conditions to apply). The atmosphere does
not support infinite accelerations caused by discontinuous
pressures; thus, one of our boundary conditions is that
pressure be continuous across the interface. This is known
as the dynamic boundary condition.6 Next, we prevent a
solution in which the layers separate from one another.
This is the kinematic boundary condition, and if density is
continuous across the interface, this boundary condition
becomes a simple matching of the vertical velocity on each
side of the boundary. We can combine the kinematic and
dynamic boundary conditions into one, and at the same
time eliminate the wave amplitude from the boundary
condition, by taking the ratio of the pressure and the mass
flux. This new quantity, known as the impedance, is given by

Z = p

ρw
. (6.55)

Thus, Z for each fluid is required to match at the height of
the interface (zr), such that Z1 = Z2, where the subscripts
1 and 2 indicate a lower and upper layer, respectively. We
consider the case in which the value of ω is greater than N
in the upper layer (N2), but is smaller than N in the lower
layer (N1). In this case, the wave would be transmitted in
the lower layer but evanescent in the upper layer, such that

w′
2 = A2e−μ2(z−zr)ei(kx−ωt) (6.56)

and, from an equation similar to (6.53) derived for
m = iμ2,

p′
2 = −i

ρμ2ω

k2
A2e−μ2(z−zr)ei(kx−ωt), (6.57)

leading to

Z2 = −i
ωμ2

k2
. (6.58)

In the lower layer, the incident waves are propagating
upward with an amplitude A1 while the reflected waves are
propagating downward with an amplitude B1. Defining
the reflection coefficient, R = B1/A1, the full w1 field can be
expressed as

w′
1 = A1

[
eim1(z−zr) + R e−im1(z−zr)

]
ei(kx−ωt). (6.59)

5 The derivation in this section closely follows that of Nappo (2002).
6 This boundary condition applies to the total pressure, but is automat-
ically satisfied for the base state part of the pressure. Thus, we need only
enforce it for the perturbation pressure.
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The perturbation pressure is then obtained from the
polarization equations, (6.48)–(6.51), and is given by

p′
1 = −ρm1ω

k2
A1

[
eim1(z−zr) − R e−im1(z−zr)

]
ei(kx−ωt),

(6.60)
such that the impedance in the lower layer is

Z1 = −ωm1

k2

[
eim1(z−zr) − R e−im1(z−zr)

eim1(z−zr) + R e−im1(z−zr)

]
. (6.61)

If we apply the boundary condition, Z1 = Z2 at z = zr, we
find

R = m1 − iμ2

m1 + iμ2
. (6.62)

Interestingly, the magnitude of R, given by
√

RR∗, where
R∗ is the complex conjugate of R, is equal to one, indicating
perfect reflection of the wave and causing its energy to
be trapped in the lower layer. This example illustrates the
essence of wave reflection due to variations in the static
stability, but the assumptions used are far too idealized for
the real atmosphere, as they require two layers of infinite
thickness. In the real atmosphere, multiple layers of finite
thickness exist and reflection of the downward propagating
waves off of the ground must also be considered. When
the distance between the reflecting layer and the ground is
such that all of the resultant waves are in phase, resonance
occurs and the amplitude can grow in time when there is
a continuous source of wave energy, such as when there
is flow over a mountain (see Section 12.1). The layer
containing the trapped wave is referred to as a duct. To see
when resonance would occur in our simple model above,
we consider a lower boundary at the base of the ducting
layer and we look for a case in which the amplitude of
the resultant wave goes to infinity. This can be thought
of as the resonance case for waves continually forced
at the bottom boundary, or as the case in which waves
experiencing no continued forcing (free waves) would have
large amplitude and persist as they travel horizontally. To
find this solution, we set w′

1 from (6.59) equal to a constant
forcing at the lower boundary given by w0ei(kx−ωt),
such that

A1 = w0

e−im1zr + R eim1zr
, (6.63)

which yields

w′ = w0

[
eim1(z−zr) + R e−im1(z−zr)

e−im1zr + R eim1zr

]
ei(kx−ωt). (6.64)

From this expression, we see that the amplitude will go
to infinity when the denominator goes to zero, which

occurs when R = −e−i2m1zr . Setting the R from (6.62)
equal to this value, after multiplying the numerator and
denominator by (m1 + iμ2), rearranging, and taking the
square root of both sides leads to

ieim1zr = m1 + iμ2(
m2

1 + μ2
2

)1/2
, (6.65)

which can be expanded as

i cos m1zr − sin m1zr = m1(
m2

1 + μ2
2

)1/2
+ iμ2(

m2
1 + μ2

)1/2
.

(6.66)
Equating the real and imaginary parts, we obtain two
equations,

cos m1zr = μ2(
m2

1 + μ2
2

)1/2
(6.67)

sin m1zr = − m1(
m2

1 + μ2
2

)1/2
. (6.68)

We can combine (6.67) and (6.68) into one expression,

tan m1zr = −m1

μ2
, (6.69)

which is a transcendental equation that can be solved
graphically or numerically and yields a family of possible
ducted modes. The wave with the longest vertical wave-
length (called the fundamental mode) is less susceptible
to dissipation than the shorter wavelength modes and is,
therefore, the mode most likely to be observed.

Although we obtained this result assuming a wave with
continuous forcing at the surface, we can obtain the same
expression for a free wave with w0 = 0 at the surface if
we consider a two-layer atmosphere in which the static
stability is constant within the lower layer and is zero
above the reflection level; in this case we refer to the layer of
trapped waves as a temperature duct. In this case, waves again
propagate in the lower layer but are forced to satisfy the
lower boundary condition w0 = 0. In the upper layer, the
solution is forced to decay with height. Thus, the solutions
for the wave amplitudes in the two layers are given by

ŵ1 = A sin m1z (6.70)

ŵ2 = Be−μ(z−zr). (6.71)

Applying the kinematic boundary condition at the
interface (zr) requires that

A sin m1zr = B. (6.72)

The dynamic boundary condition can be derived by
substituting (6.70) and (6.71) into the polarization
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equations (6.48)–(6.50) to obtain the perturbation
pressure amplitude at zr for each layer,

p̂1 = i
ωm1Aρ0

k2
cos m1zr, (6.73)

p̂2 = −i
ωμBρ0

k2
, (6.74)

which are then set equal to one another to obtain

μB = −m1A cos m1zr. (6.75)

Dividing (6.72) by (6.75) yields the relationship that must
be satisfied for waves to survive within the duct,

tan m1zr = −m1

μ
(6.76)

This condition, indeed, is the same as that for forced waves
given by (6.69). It should be noted that our analysis of
wave reflection has been performed using a single mode
and examining reflection of this mode between layers. In
reality, we are more concerned with the propagation of
wave packets and the reflection of energy associated with
these packets. As noted previously, these packets move in
the opposite vertical direction to the individual waves. For
the simple conditions used here, analysis of the reflection
of individual waves versus reflection of wave packets does
not affect the conclusions as no energy is transferred in
the upper level. In more sophisticated multi-layer models,
one must be careful to assess energy reflection and ensure
the correct direction for energy propagation within the top
layer (if it allows propagation).

Note that, according to (6.36), reflection also could
occur owing to changes in the mean wind profile with height
rather than changes in static stability (i.e., a layer exhibiting
significant curvature of the wind speed profile with height,
such as would be associated with a jet, could lead to a
real value for m in a layer surrounding the jet, whereas m
is imaginary in layers above and below the jet where the
curvature of the wind profile is insignificant). In that case,
the layer in which the waves are confined is referred to as
a wind duct. Ducting due to curvature in the wind profile
was found to occur in several observations of the Morning
Glory, an impressive solitary wave, generally accompanied
by an extensive roll cloud, observed in Australia.7

The examples given above have pleasing analytic solu-
tions for wave trapping and require only that (6.69) or
(6.76) be satisfied and that the oscillation frequency of the
given wave lies between that of the upper level and that of
the lower level, such that the wave propagates in the lower

7 See Crook (1988).

level and decays in the upper level. However, in reality the
conditions for trapping are more stringent than those given
here because the upper evanescent layer does not extend to
infinity and energy can be lost to a layer of wave propa-
gation lying above the evanescent layer. In this case, wave
reflection associated with the existence of a critical level,
where the wind speed is equal to the phase speed, becomes
important for wave trapping when the Richardson num-
ber is less than 0.25. Interesting behavior ensues as waves
approach a critical level, and we discuss these important
levels next.

6.4 Critical levels
Inspection of (6.36) reveals that a level at which the phase
speed (c) is equal to the wind speed (u) represents a
singularity in the Taylor-Goldstein equation. A complete
derivation of wave behavior near the critical level is outside
the scope of this book, but a description of the results is
useful. It is possible to write the Taylor-Goldstein equation
in terms of the Richardson number at the critical level,

Ri = N2∣∣ du
dz

∣∣2 (6.77)

and show that the wave stress (−ρ0uw), a measure of wave
amplitude, is reduced by e−2π

√
Ri−0.25 as a wave crosses the

critical level.8 Thus, waves are nearly completely absorbed
for values of Ri > 0.25. When nonlinear effects are included,
one obtains results similar to those for the linear case when
Ri > 2.0, but a greater amount of reflection occurs for
0.25 < Ri < 2.0.9

Figure 6.7 shows the change in a gravity wave packet as
it approaches a critical level with Ri > 0.25. As the grav-
ity wave nears the critical level, the phase lines become
horizontal and the vertical group velocity goes to zero
such that the wave packet never actually reaches the crit-
ical level. In addition, u → ∞ theoretically, but we do
not observe infinite velocities, because the wave breaks
and becomes turbulent before this happens. Wave-breaking
involves the overturning of isentropes and development of
static instability; the overturning of isentropes is a conse-
quence of the phase lines becoming horizontal as the critical
level is approached. Recall from (6.32) that wave amplitude
increases with height in a compressible atmosphere in which
density decreases with height; wave-breaking also can result
from this effect in the upper troposphere or stratosphere if
wave amplification is sufficiently large. The destruction of
waves from wave-breaking leads to momentum deposition

8 See Booker and Bretherton (1967).
9 See Breeding (1971).
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Figure 6.7 An internal gravity wave approaching a crit-
ical level. (Adapted from Hooke [1986], based on the
theory by Booker and Bretherton [1967].)

within the layer underlying the critical level, where the
upward momentum flux decreases with height to zero,
resulting in momentum flux convergence. In some cases,
wave-breaking can excite waves absent from the original
spectrum.

Although we tend to think of critical levels as places in
which the wind velocity matches a set phase speed for a
wave, we can alternatively think of them as a location where
the intrinsic frequency goes to zero such that the phase speed
is determined solely by the wind speed. Figure 6.7 indicates
a change in the tilt of the phase lines and the associated
intrinsic frequency with height, as expected (assuming N
is constant over the entire depth) in order that the phase
speed in the x direction remain constant in the presence
of varying u0. As the wave packet approaches the critical
layer, the restoring force B cos φ becomes increasingly small
as parcel oscillations become increasingly horizontal, such
that the wave simply becomes part of the mean wind.

When Ri < 0.25, fundamentally different behavior
occurs, as perhaps expected given our discussion of
Kelvin-Helmholtz instability (Section 3.5.2). In this
case, the layer is unstable to perturbations, and a wave
encountering this level is able to extract energy from the
mean flow. In this case, the reflection coefficient can exceed
one, a condition referred to as overreflection. Overreflection
figures prominently in the analysis of wave trapping by
Lindzen and Tung (1976, hereafter LT76), who outlined
the necessary conditions for the ducting of internal gravity
waves. This process is discussed in the next section.

6.5 Structure and environments of
ducted mesoscale gravity waves

LT76 examined the reflection and transmission of waves in
a three-layer model of the atmosphere (Figure 6.8), with
the bottom two layers similar to those we used to examine
reflection (i.e., a stable layer—the duct—topped by a less
stable layer) and the top layer representing an additional
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Figure 6.8 Schematic representation of the typical envi-
ronmental conditions for ducted gravity waves.

stable layer in which wave energy propagation can occur.
Note that the addition of the stable layer aloft changes the
results compared with our two-layer model, in which the
evanescent region was presumed to be infinite, because it
provides a mechanism for energy loss to the system. Thus,
the reflection coefficient between the lowest two layers
in the three-layer model has a magnitude less than one.
When the reflection coefficient has a magnitude less than
one, it is impossible to make the denominator in (6.53)
vanish, and the atmosphere is unable to support free waves
for which there is no forcing. However, if the reflection
coefficient is close to unity, LT76 showed that the response
to a small forcing will be large (enabling almost free waves) if

1 + cos (4πD/λz) ≈ 0 (6.78)

where D is the depth of the duct, λz is the vertical wave-
length, and it was also assumed that there is little phase
shift between the incident and reflected waves. From (6.78),
we see that the depth of the duct needed depends on the
vertical wavelength according to

D

λz
= 1

4
+ 1

2
n, n = 0, 1, 2, . . . (6.79)

As stated previously, waves with relatively short wavelengths
are more prone to dissipation, so we expect the longest (i.e.,
n = 0) wave of those in (6.79) to dominate, which indicates
that for an observed value of λz a corresponding duct
must have a depth of λz/4. Though this is an important
result, it is not practical to apply because the exact value
of λz is normally not revealed in standard observations.
However, horizontal phase speeds are readily observed
by tracking pressure anomalies. We can relate the depth
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requirement to an observed phase speed by noting that, for
long wavelengths (i.e., small aspect ratios) characteristic of
these hydrostatic waves, k2 � m2 such that, from (6.41),

m2 =
(

2π

λz

)2

≈ N2

(c − u)2
, (6.80)

where c is now the horizontal phase speed and u is the
component of the environmental wind in the direction of
wave propagation. Solving for λz,

λz ≈ 2π (c − u)

N
, (6.81)

which, combining (6.79) and (6.81) for the n = 0 mode,
yields an intrinsic phase speed

c − u = 2ND

π
. (6.82)

This provides a useful test when assessing the likelihood that
an observed pressure pattern is due to a ducted wave. For
an intrinsic phase speed of 25 m s−1 and average values of
N for a stable layer, one can deduce that the corresponding
duct would have to be approximately 3 km deep. If no
stable layer of this depth exists, the observed phenomenon
is not a ducted wave. Note that we are unable to specify
the horizontal wavelength as we have removed k owing to
the hydrostatic approximation. The conditions for a duct
as outlined by LT76 may be summarized as follows:

• The duct must be statically stable.

• The duct must be sufficiently thick to accommodate
one-quarter of the vertical wavelength of the wave. This
criterion is usually tested using the observed phase speed
and deducing the corresponding vertical wavelength.

• The duct must be below a layer with significant reflection
(e.g., >85% for the n = 0 mode) such that a wave can
be sustained for at least two cycles.

• The duct cannot contain a critical layer as this would lead
to absorption of the wave within the stable layer of the
duct.

The criteria above tell us only the characteristics of a ducting
layer, and do not specify the atmospheric conditions leading
to sufficient reflection in the layer above. Given our prior
discussions of reflection, we can assume that at the very
least good reflection for a particular wavelength requires
that the waves be evanescent in the layer above. If the
evanescent layer extends to infinity, this is sufficient for
perfect reflection. For a finite evanescent layer, the reflection
due to the change in stability alone would be less than one

but is greatly enhanced if the layer contains a critical
level with Ri < 1/4, in which case over-reflection can
occur. Even if the flow speed does not quite produce a
critical level but does get close to c − u = 0 when Ri <

1/4, the reflectivity is enhanced.10 In order to achieve
a small Ri, the layer must have shear and small values
of static stability. For an unsaturated atmosphere, this
requires that N is small. If the environment is saturated,
the moist Brunt-Väisälä frequency, Nm, should be used.
LT76 assume that perturbations in a conditionally unstable
and approximately saturated environment will experience
a stability due to a mean of the dry and saturated stabilities,
which is generally much lower than the dry stability alone.
An observed sounding associated with a case of a large-
amplitude ducted gravity wave is shown in Figure 6.9. The
sounding contains all of the necessary conditions specified
by LT76 for ducting, and a fairly reasonable match between
the expected and observed phase speed was noted.11

Figure 6.10 shows the structure of a hydrostatic ducted
mesoscale gravity wave which results from the superposi-
tioning of upward and downward propagating wave modes
and corresponding resonance in the absence of ambient
flow.12 The largest upward vertical velocities and low-level
convergence are a quarter of a wavelength downstream of
the wave crest, whereas surface pressure is highest directly
beneath the wave crest, as expected hydrostatically. Surface
pressure is lowest beneath the troughs of the waves, which
lag the region of largest downward vertical velocities by a
quarter of a wavelength. The strongest surface winds relative
to the moving gravity wave are found beneath the ridge and
trough. Large-amplitude gravity waves have pressure per-
turbations of several millibars, in contrast to the everyday
small-amplitude gravity waves which are associated with

10 Numerical experiments (Wang and Lin, 1999) indicate that the LT76
criteria may represent a subset of possible ducted modes due in part
to the assumption made by LT76 of zero phase shift during reflection,
which may not be a valid assumption when the stability in the middle
layer is not close to neutral. In particular, nonlinear simulations indicate
that ducting may occur over a broader range of Ri in the presence of
a critical level when the reflection coefficient is close to one and the
ducting layer has a thickness close to the optimal value, and a critical level
may not be necessary when a stable layer of thickness (0.25 + n/2)D
is capped by a thick nearly neutral layer with 0.01 < Ri < 100. The
success of LT76 in comparison with observations is likely due to the fact
that shear and stability profiles outside those they considered are not
as commonly observed. For example, reflection without a critical level
requires a very deep neutral layer, whereas reflection with a critical layer
but large Ri implies a very deep weak-shear layer. Wang and Lin (1999)
state that ‘the criteria proposed by LT76 is still useful in explaining
the maintenance of some long-lasting waves in the real atmosphere,
although it does not cover all possible observed cases’.
11 See Bosart and Sanders (1986).
12 For a discussion of gravity wave structure in the presence of ambient
flow including vertical shear, see Koch and Golus (1988).
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Figure 6.9 Sounding from Greensboro, NC, during the
event shown in Figure 6.1. Numbers plotted along the
sounding are the θw values in ◦C, and the two curves
labeled ‘16’ and ‘46’ are the moist adiabat for θw = 16◦C
and the 46◦C dry adiabat, respectively. (Adapted from
Bosart and Sanders [1986].)

pressure perturbations of just a fraction of a millibar.
Fluctuations as large as 10 mb have been observed
in extreme cases, with pressure tendencies as large as
10 mb h−1 (in extreme cases, forecasters have wrongly
attempted to ‘correct’ model forecasts of cyclone tracks
after being fooled by surface isallobar fields heavily
influenced by mesoscale gravity waves). Moreover, the
horizontal wavelengths tend to be much larger than those
of typical gravity waves (e.g., meso-α scale [100–400 km]
rather than meso-β or meso-γ scale). A single crest of a
ducted gravity wave can often be tracked for several hours
as shown in Figure 6.1.

In a study of several ducted gravity wave cases, Uccellini
and Koch (1987) identified common synoptic settings for
their cases (Figure 6.11). The common features in these
settings include a low-level inversion associated with a
front and an upper-level jet streak propagating toward a
ridge axis. The low-level inversion is important for serving
as a duct, and the upper-level conditions are associated
with flow imbalance, which initiates inertia-gravity waves
(i.e., gravity waves for which the effect of the Coriolis force
is not negligible.)13 Thus, both the energy source for the
waves and a mechanism for trapping the wave energy exist
in this scenario.

6.6 Bores
Bores are just gravity waves that have been triggered by the
intrusion of a density current into a low-level stable layer

13 See Zhang et al. (2001) and Koch et al. (2005) for in-depth discussions
and examples of the generation of gravity waves as a result of flow
imbalance.
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Figure 6.10 Idealized vertical cross-section of a linear plane gravity wave, with no basic current, propagating toward the
right at speed c. The heavy sinusoidal line is a representative isentropic surface or a temperature inversion. Cold and warm
anomalies are indicated, as are a surface pressure maximum (‘H’) and minimum (‘L’). (Adapted from Bosart and Sanders
[1986] and Eom [1975].)
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Figure 6.11 A compilation of synoptic settings in which significant mesoscale gravity waves have been documented.
(Adapted from Uccellini and Koch [1987].)

(Figures 6.12–6.15; it is not a coincidence that the bore in
Figure 6.15 was observed at night). Bores may evolve into a
train of amplitude-ordered solitary waves (soliton), which
maintain their form owing to a balance between nonlinear
effects, which tend to steepen a waveform, and dispersion,
which tends to spread out a waveform. Observations of
solitons indicate an impressive alteration of the low-level
atmospheric structure due to their passage (Figure 6.15).14

Laboratory experiments show that three different types
of bores can be produced when a solid obstacle is moved
along the surface in a two-layer fluid, with the mixing
behavior between the two fluids depending on the strength
of the bore as measured by h1/h0, the ratio of the mean
bore depth to the pre-bore inversion depth (Figures 6.12
and 6.13).15 Undular (smooth) bores, with very little mix-
ing between the two fluids, are found to occur when
1 < h1/h0 < 2. In this case, undulations are produced by
flow over the obstacle and move upstream relative to the
obstacle. When 2 < h1/h0 < 4, the bore exhibits similar
undulations but there is increased mixing between the two

14 See Koch et al. (2008).
15 See Rottman and Simpson (1989)

fluids due to shear instability at the interface. For even
greater bore strength, h1/h0 > 4, the bore appearance is
like that of a density current, with mixing along the inter-
face, rather than smooth undulations, dominating the form
behind the leading edge. For internal bores (i.e., those in a
an environment with a significant change in density across
the interface but no free surface), the mixing process results
in a deepened mixed layer in the wake of the bore as it
moves forward. In this manner, a bore can significantly
influence the final height of an inversion layer as well as the
depth of a moist layer (Figure 6.15), both of which have
implications for convection initiation.

The speed of the bore based on hydraulic theory is
given by

C√
g′h0

=
[

1

2

h1

h0

(
1 + h1

h0

)]1/2

(6.83)

where C is the bore speed in a reference frame for which
the fluid upstream of the bore is at rest, and g′ = g(ρ1 −
ρ2)/ρ1.16 Owing to the theoretical assumptions upon which
it is based, (6.83) is found to work well in the absence of

16 See Rottman and Simpson (1989).
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λ

h0h1D

Figure 6.12 Generation of a bore of depth h1, by an advancing density current of depth D, intruding into a stable layer
of depth h0. Shading indicates the density of the fluid, with darker shading indicating denser fluid. (Adapted from Rottman
and Simpson [1989].)

(a)

(b)

(c)

Figure 6.13 Photographs of three types of bore generated by towing an obstacle through a two-layer fluid. (a) A smooth,
undular bore obtained when 1 < h1/h0 < 2. (b) A bore with some mixing downstream of the first crest, obtained when
2 < h1/h0 < 4. (c) A bore with the appearance of a gravity wave, obtained when h1/h0 > 4. (From Rottman and Simpson
[1989].)
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Figure 6.14 Reflectivity display of the State College, PA, WSR-88D (KCCX) at (a) 0403 UTC and (b) 0433 UTC on 14 May
2005. Range rings are every 50 km. A bore, evident as a reflectivity fineline, passes from west to east over the radar during
this time period. The location of the bore is indicated with arrows. Surface observations from 0400 UTC are overlaid in
(a); station models show temperature (◦F), dewpoint (◦F), mean sea level pressure (tenths of mb, with the leading ‘10’
dropped), and winds (knots). (c) 1-min surface observations at Clearfield, PA. The location of Clearfield is indicated in (a).
Notice the pressure jump associated with the bore passage, as well as the fact that, after the initial pressure jump, the
post-bore pressure remained ∼0.2 mb higher than the pre-bore pressure. The surface temperature and dewpoint remained
relatively constant as the bore passed by. The surface winds were calm prior to the arrival of the bore (winds were missing
from 0335 to 0350 UTC), but acquired a westerly component following the arrival of the bore.

mixing (i.e., for undular bores as in Figure 6.13a), but for
h1/h0 > 2 (Figure 6.13b,c) the bore speed is better described
as the speed of a density current with head height h1.17 For
bores with h1/h0 > 4, the bore speed may be nearly equal to
that of the density current such that the bore remains in the
same position relative to the density current. In contrast,

17 See Wood and Simpson (1984).

the undular bores have a speed higher than that of the
density current and are found to take a bit of the density
current fluid with them in a shedding process that disrupts
the density current front temporarily.18

In surface observations, the passage of a bore can be
distinguished from the passage of a density current by

18 See Rottman and Simpson (1989).
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Figure 6.15 Vertical cross-section of the water vapor mixing ratio field observed by an airborne downward-pointing DIAL
lidar (LEANDRE II) during the International H2O Project (IHOP) from 0555 to 0616 UTC 20 June 2002. The waves apparent
in the moisture field originated from a bore–soliton system. Lifting by the soliton has created an oscillatory, nearly
saturated layer at 3.4 km MSL as well as an increased height for the low-level inversion. The lack of wave tilt with height is
consistent with trapping of wave energy, in this case thought to be the result of curvature in the wind profile associated
with a strong low-level jet. (From Koch et al. [2008].)

analyzing the temperature trace. As shown in Section 5.3, a
density current is associated with a significant hydrostatic
pressure jump due to the cold air behind the leading edge.
Bores are also associated with a hydrostatic pressure jump
due to cooling in the overlying column, but the cooling is
above the surface and due to adiabatic ascent rather than
the advection of cold air near the surface. Thus, the surface
temperature falls after the passage of a density current, but
no appreciable surface temperature change accompanies
the passage of a bore (Figure 6.14).
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