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4
The Boundary Layer

The boundary layer is the bottom portion of the troposphere
which is strongly influenced by the exchange of momen-
tum, heat, and moisture with the earth’s surface. This layer
also is commonly referred to as the atmospheric bound-
ary layer (ABL) or the planetary boundary layer (PBL).1

The boundary layer flow is dominated by turbulent eddies
(Figure 4.1) that are the result of surface heating and verti-
cal wind shear. The effects of turbulent eddies often can be
safely ignored in the overlying free atmosphere, which does
not feel the influences of the surface directly (some note-
worthy exceptions are in the vicinity of convective clouds
and within sharp frontal zones). In the boundary layer,
however, the transfer of momentum, heat, and moisture by
eddies must be accounted for in the dynamical equations
if we wish to have a realistic portrayal of the evolution
of temperature and moisture fields and the relationship
between the pressure gradient and wind.

The effects of molecular diffusion, at least above the
lowest few millimeters of the boundary layer, where con-
duction between the air and the ground is important
(sometimes called the viscous sublayer or microlayer), are
negligible compared with the mixing effects of turbu-
lent eddies. Having said this, it is important to recognize
that, by virtue of molecular viscosity and the fact that
the air velocity must vanish at the surface, large verti-
cal wind shear is achieved very near the ground, even
when winds are light, and this shear plays a critical role
in the generation of mechanically driven turbulent eddies
that transfer momentum, heat, and moisture to the lower

1 Undergraduate and graduate curricula often devote entire semesters
to the boundary layer. For a more comprehensive presentation of the
boundary layer, the reader is referred to the textbooks written by Stull
(1988), Sorbjan (1989), Garratt (1994), and Arya (2001).

boundary layer. Thus, even though molecular viscosity
does not directly influence boundary layer motions above
a few centimeters, its influence in this thin layer is cru-
cial for the formation of the ubiquitous turbulent eddies
that are responsible for mixing throughout the boundary
layer. Stated another way, without a surface, where molec-
ular effects are important, there would be no boundary
layer!

Before considering the structure and evolution of the
boundary layer, it is important to introduce the method
by which turbulent motions will be accounted for in the
dynamical equations. This method is known as Reynolds
averaging, and it will lead to the concept of turbulent fluxes,
which will be essential in developing an understanding of
the morphology and behavior of the boundary layer.

4.1 The nature of turbulent fluxes
4.1.1 Reynolds-averaged equations

Consider two variables χ and ψ . Let us define each variable
as comprising a slowly varying mean, χ and ψ , and a much
more rapidly fluctuating perturbation associated with an
eddy, χ ′ and ψ ′, respectively:

χ = χ + χ ′ (4.1)

ψ = ψ + ψ ′. (4.2)

The ( ) operator indicates an average in time or space, for
example,

χ = 1

N

N∑
i=1

χi, (4.3)
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Figure 4.1 Vertical cross-sections of reflectivity (top) and vertical velocity (middle) obtained by a vertically pointing,
airborne cloud radar (95 GHz) traveling through a daytime convective boundary layer in northwestern Oklahoma. One minute
corresponds to roughly 5 km, so the aspect ratio of both images is about 2:1. White crosses in the top panel indicate the
top of the boundary layer. The 200 m deep blind zone contains the aircraft track. The radar echo within the boundary
layer is largely the result of insects. Virtual potential temperature perturbations (θ ′

v) along the flight track are also shown
(bottom). The turbulent nature of the boundary layer is obvious. (Courtesy of B. Geerts; adapted from Geerts and Miao
[2005].)

where χi is the ith of N observations of χ .2 By definition,
the average fluctuation about the average must be zero,
that is,

χ ′ = ψ ′ = 0. (4.4)

Furthermore, the product of a fluctuation with a mean also
vanishes when the average is taken; that is,

χ ′ψ = χ ′ ψ = 0. (4.5)

2 Theoretically it is most desirable to define the mean as an ensemble
average obtained from a large number of realizations of a variable
over identical experiments. The ensemble average is rarely used in
practice because of the obvious difficulty in repeating a large number
of experiments in similar weather conditions. Thus, time and spatial
averages are almost always relied upon instead. The time, spatial, and
ensemble averages are equal if the turbulence is both homogeneous (the
spatial averages do not depend on the direction of the averaging) and
stationary (statistically not changing over time).

On the other hand, the average of the product of fluctuat-
ing components, called the covariance, generally does not
vanish; that is,

χ ′ψ ′ �= 0. (4.6)

As an example, w′θ ′ is positive (i.e., w′ and θ ′ are positively
correlated) within a daytime convective boundary layer
as a result of relatively warm thermals rising (w′ > 0 when
θ ′ > 0) and relatively cold air sinking (w′ < 0 when θ ′ < 0).

In the case of the average of the product of χ and ψ we
obtain

χψ = (χ + χ ′)(ψ + ψ ′)

= χ ψ + χψ ′ + χ ′ψ + χ ′ψ ′

= χ ψ + χψ ′ + χ ′ψ + χ ′ψ ′

= χ ψ + χ ′ψ ′; (4.7)
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that is, the average of the product of two variables is the
product of the mean components of each variable plus
the average of the product of the fluctuating components.
Moreover, when the averaging is applied to a derivative
quantity, for example, ∂χ/∂x, we use the rule ∂χ/∂x =
∂χ/∂x.

The technique of partitioning variables into mean and
perturbation parts and then taking the average, as has been
introduced above, is known as Reynolds averaging. Reynolds
averaging is widely used as a statistical way to account for
the effect of turbulent eddies on the mean field. Below
we derive Reynolds-averaged momentum, thermodynamic,
and moisture equations.

The momentum, thermodynamic, and moisture
equations, neglecting the vertical component of the
Coriolis force, and making the Boussinesq approximation,
which is generally appropriate in the boundary layer, can
be expressed as (refer to Chapter 2)

∂u

∂t
= −u

∂u

∂x
− v

∂u

∂y
− w

∂u

∂z
− 1

ρ0

∂p

∂x
+ f v + ν∇2u (4.8)

∂v

∂t
= −u

∂v

∂x
− v

∂v

∂y
− w

∂v

∂z
− 1

ρ0

∂p

∂y
− fu + ν∇2v (4.9)

∂w

∂t
= −u

∂w

∂x
− v

∂w

∂y
− w

∂w

∂z
− 1

ρ0

∂p

∂z

−g − ρ ′

ρ0
g + ν∇2w (4.10)

∂θ

∂t
= −u

∂θ

∂x
− v

∂θ

∂y
− w

∂θ

∂z
+ q

cp

θ

T
+ κ∇2θ (4.11)

∂rv

∂t
= −u

∂rv

∂x
− v

∂rv

∂y
− w

∂rv

∂z
+ E − C + κe∇2rv. (4.12)

In the above equations, ν, κ , and κe are the kinematic
viscosity, thermal diffusivity, and moisture diffusivity,
respectively. The terms involving ν, κ , and κe represent
the effects of molecular diffusion (the terms involving ν

contributed to the Fu, Fv , Fw terms in (2.54)–(2.56)). In
the vertical momentum equation (4.10), ρ ′ is a density
departure from a hydrostatic reference profile of pressure
(p) and density (ρ) such that ∂p

∂z = −ρg, where p = p + p′
and ρ = ρ + ρ ′. In the Boussinesq approximation, the
− 1

ρ

∂p′
∂z − ρ′

ρ
g terms in (2.76) become − 1

ρ0

∂p′
∂z − ρ′

ρ0
g, which

can also be written as − 1
ρ0

∂p
∂z − g − ρ′

ρ0
g, as is done above

in (4.10).3

3 The reason for writing the vertical momentum equation in this way
is to avoid having to introduce either an unprimed density variable
that represents a density departure from the hydrostatic base state
(this could be potentially confusing because primes ordinarily indicate
perturbations), or a double-primed density variable (a perturbation of

The Reynolds-averaged zonal wind equation will be
derived first. By multiplying the Boussinesq continuity
equation,

∂u

∂x
+ ∂v

∂y
+ ∂w

∂z
= 0, (4.13)

by u and adding the result to (4.8), and using the product
rule, we can express (4.8) in flux form as

∂u

∂t
= −∂uu

∂x
− ∂uv

∂y
− ∂uw

∂z
− 1

ρ0

∂p

∂x
+ f v + ν∇2u.

(4.14)
Substituting u = u + u′, v = v + v′, w = w + w′, and
p = p + p′ results in

∂u

∂t
+ ∂u′

∂t
= − ∂

∂x

(
u u + uu′ + u′u + u′u′)

− ∂

∂y

(
u v + uv′ + u′v + u′v′)

− ∂

∂z

(
u w + uw′ + u′w + u′w′)

− 1

ρ0

∂p

∂x
− 1

ρ0

∂p′

∂x
+ f v + f v′

+ν∇2u + ν∇2u′. (4.15)

Taking the Reynolds average of (4.15) yields

∂u

∂t
+ ∂u′

∂t
= − ∂

∂x
(u u + uu′ + u′u + u′u′)

− ∂

∂y
(u v + uv′ + u′v + u′v′)

− ∂

∂z
(u w + uw′ + u′w + u′w′)

− 1

ρ0

∂p

∂x
− 1

ρ0

∂p′

∂x
+ f v + f v′ + ν∇2u

+ν∇2u′. (4.16)

Using the averaging rules given by (4.4), (4.5), and (4.7),
we obtain

∂u

∂t
= −∂u u

∂x
− ∂u v

∂y
− ∂u w

∂z
− 1

ρ0

∂p

∂x
+ f v + ν∇2u

−∂u′u′

∂x
− ∂u′v′

∂y
− ∂u′w′

∂z
. (4.17)

the density departure), when a Reynolds-averaged vertical momentum
equation is derived later.
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Multiplying the Reynolds-averaged continuity equation
(4.13),

∂u

∂x
+ ∂v

∂y
+ ∂w

∂z
= 0, (4.18)

by u and subtracting it from (4.17) yields the Reynolds-
averaged zonal momentum equation,

∂u

∂t
= −u

∂u

∂x
− v

∂u

∂y
− w

∂u

∂z
− 1

ρ0

∂p

∂x
+ f v + ν∇2u

−∂u′u′

∂x
− ∂u′v′

∂y
− ∂u′w′

∂z
. (4.19)

The prognostic equation for the mean zonal momentum
given by (4.19) is identical to that for the full zonal momen-
tum given by (4.8), except that the variables in (4.8) have
been replaced by mean variables and three additional flux

divergence terms appear: ∂u′u′
∂x , ∂u′v′

∂y , and ∂u′w′
∂z .4 As men-

tioned before, the mean variables can represent averages
in either time or space. Numerical models, for instance,
use Reynolds-averaged equations in which the variables
appearing in the model prognostic equations represent
mean values in a grid volume.

Using the same approach as used to derive (4.19),
the Reynolds-averaged meridional momentum, vertical
momentum, thermodynamic, and moisture equations can
be obtained from (4.9)–(4.12):

∂v

∂t
= −u

∂v

∂x
− v

∂v

∂y
− w

∂v

∂z
− 1

ρ0

∂p

∂y
− f u + ν∇2v

−∂u′v′

∂x
− ∂v′v′

∂y
− ∂v′w′

∂z
(4.20)

∂w

∂t
= −u

∂w

∂x
− v

∂w

∂y
− w

∂w

∂z
− 1

ρ0

∂p

∂z
− g + ν∇2w

−∂u′w′

∂x
− ∂v′w′

∂y
− ∂w′w′

∂z
(4.21)

∂θ

∂t
= −u

∂θ

∂x
− v

∂θ

∂y
− w

∂θ

∂z
+ q

cp

θ

T
+ κ∇2θ

−∂u′θ ′

∂x
− ∂v′θ ′

∂y
− ∂w′θ ′

∂z
(4.22)

∂rv

∂t
= −u

∂rv

∂x
− v

∂rv

∂y
− w

∂rv

∂z
+ E − C + κe∇2rv

−∂u′r′
v

∂x
− ∂v′r′

v

∂y
− ∂w′r′

v

∂z
. (4.23)

4 Often the overbars are left off of the mean variables, such that (4.19) is
written exactly as (4.8), plus the additional flux divergence terms, with
the implicit understanding that the variables represent mean quantities.

The u′u′, u′v′, . . . , w′w′ terms are components of what
is referred to as the turbulent kinematic momentum flux.
The u′θ ′, v′θ ′, and w′θ ′ terms are the components of the
turbulent kinematic heat flux. The u′r′

v, v′r′
v, and w′r′

v terms
are the components of the turbulent kinematic moisture
flux.

The turbulent flux terms represent the effects of tur-
bulent eddies within the boundary layer on the evolution
of the mean variables. These eddies are associated with a
turbulent transport of heat, moisture, and/or momentum.
Note that it is the divergence of the flux that is important
to the evolution of the mean. For example, if equal heat
is transferred into a volume through one side as leaves
the other side, then the mean potential temperature in the
volume does not change in time.

4.1.2 Parameterization of turbulent fluxes

In many applications, there is a need to parameterize the
turbulent fluxes in terms of mean variables. A compre-
hensive discussion of the variety of ways by which this
can be done is outside the scope of this book, but we
shall briefly touch upon the simplest approaches. In many
cases, the vertical flux divergences are much larger than the
horizontal flux divergences, such that the horizontal flux
divergences can be neglected. In such cases, it is the vertical
profile of the turbulent flux that assumes greatest impor-
tance. Typical vertical profiles of the turbulent fluxes, at
least in relatively quiescent conditions (i.e., when mesoscale
and synoptic-scale pressure and temperature gradients are
relatively weak), are shown in Figure 4.2.

It is often assumed that turbulent eddies act in a manner
analogous to molecular diffusion. In other words, the
turbulent flux is assumed to be proportional to the local
gradient of the mean; for example,

u′w′ = −Km
∂u

∂z
(4.24)

v′w′ = −Km
∂v

∂z
(4.25)

w′θ ′ = −Kh
∂θ

∂z
(4.26)

w′r′
v = −Ke

∂rv

∂z
, (4.27)

where Km, Kh, and Ke are referred to as the eddy viscosity,
eddy diffusivity for heat, and eddy diffusivity for moisture,
respectively.

The approach outlined above is known as flux-gradient
theory. The gradients of the mean variables are available
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Figure 4.2 Typical vertical profiles of vertical turbulent kinematic heat flux (w′θ ′), moisture flux (w′r′
v), and momentum

flux (u′w′; it is assumed that u > 0) during (a) daytime and (b) nighttime. The daytime profiles also appear in (b) in
gray to facilitate day–night comparisons. The layers indicated (e.g., residual layer, mixed layer, etc.) will be defined and
discussed in Section 4.3. The height of the inversion at the top of the boundary layer is denoted by zi. Two daytime w′r′

v
profiles are shown; a wide range of vertical profiles of w′r′

v can be observed, with a w′r′
v profile decreasing with height

being observed roughly as often as a profile that increases with height. The nighttime w′r′
v profile assumes dew formation;

in the absence of dew formation, the moisture flux may be positive at the surface and decrease with height to zero at the
top of the nocturnal boundary layer (not shown). (Adapted from Stull [1988].)

through the equations governing the dynamics and
thermodynamics, but Km, Kh, and Ke must be prescribed.
The simplest way is to treat Km, Kh, and Ke as constants.
More sophisticated techniques parameterize Km in terms
of the mean flow and static stability, and then prescribe Kh

and Ke as some function of Km.
One way to parameterize Km is to assume that a parcel

that is displaced vertically will carry the mean properties
from its original level a characteristic distance z′ before
mixing with its surroundings (z′ > 0 for upward displace-
ments, z′ < 0 for downward displacements). We can view
z′ as being somewhat analogous to a molecular mean free
path, a length scale that represents the average distance a
molecule travels before colliding with another molecule. If
the vertical profiles of mean variables can be assumed to be
roughly linear over a distance z′, then a reasonably good

assumption is that

u′ = −z′ ∂u

∂z
(4.28)

v′ = −z′ ∂v

∂z
, (4.29)

where u′ and v′ are the horizontal wind perturbations
observed a distance z′ away from the original elevation of
the rising or sinking air parcel.5 From (4.28) and (4.29), it
follows that

u′w′ = −w′z′ ∂u

∂z
= −w′z′ ∂u

∂z
(4.30)

5 This approach is attributed to the German physicist Ludwig Prandtl
(1875–1953).



78 THE BOUNDARY LAYER

v′w′ = −w′z′ ∂v

∂z
= −w′z′ ∂v

∂z
. (4.31)

If the horizontal and vertical scales of a turbulent eddy
are comparable, then we can assume, using the continuity
equation, that the horizontal and vertical velocity pertur-
bations are also of similar magnitude; that is, |w′| ∼ |v′|,
where v′ is the eddy part of the horizontal velocity vector.
This assumption also implies, using the fact that +z′ must
correspond to +w′, that w′ ∼ z′ ∣∣ ∂v

∂z

∣∣. Thus, (4.30) and
(4.31) can be rewritten as

u′w′ = −z′ 2

∣∣∣∣∂v

∂z

∣∣∣∣ ∂u

∂z
= −Km

∂u

∂z
(4.32)

v′w′ = −z′ 2

∣∣∣∣∂v

∂z

∣∣∣∣ ∂v

∂z
= −Km

∂v

∂z
, (4.33)

where Km effectively has been parameterized in terms of a
mixing length l = (z′ 2)1/2, such that

Km = z′ 2

∣∣∣∣∂v

∂z

∣∣∣∣ = l2
∣∣∣∣∂v

∂z

∣∣∣∣ . (4.34)

The mixing length can be viewed as the root mean squared
parcel displacement over which a parcel carries the mean
properties from its original level, and we expect this to
be determined by the size of the turbulent eddies. The
above parameterization has Km increasing as eddies get
larger and as the vertical wind shear increases. (Other
parameterizations express Km in terms of additional mean
velocity gradients, such as the total deformation.) Usually
Km would be replaced by Kh or Ke in the parameterization of
heat and moisture fluxes, respectively, as in (4.26)–(4.27),
with Kh and Ke being specified as some proportion of Km.
Usually Kh = Ke, and values of Kh and Ke are often taken
to be larger than Km by a factor of 1–3. The ratio Km/Kh is
known as the turbulent Prandtl number.

All methods for determining Km, Kh, and Ke have been
empirical, with Km, Kh, and Ke varying depending on the
situation, rather than depending on the physical properties
of the fluid, as is the case for molecular diffusion. In
numerical models, one often relates Km to the intensity of
the turbulence as measured by the turbulent kinetic energy
(see Section 4.1.3). Not only is the determination of Km, Kh,
and Ke problematic, but expressing the fluxes as functions
of gradients of mean variables might be flawed as well. For
example, within much of the mixed layer (the portion of
the daytime boundary layer that extends from the surface
to the capping inversion6 atop the boundary layer, to be

6 The term ‘‘inversion’’ is used somewhat casually in this context to
be consistent with the literature. At times there is a true temperature
inversion at the top of the boundary layer, but many times there is
simply a lapse rate discontinuity, with an abrupt increase in stability.

described further in Section 4.3), ∂θ/∂z = 0 locally, but
w′θ ′ > 0 (Figure 4.2).

Impermeability requires that w′ = 0 at the lower bound-
ary. This requirement seems at odds with Figure 4.2, which
shows that the fluxes tend to have their maximum magni-
tudes at the surface. It turns out that Figure 4.2 presents
profiles of what are sometimes referred to as effective tur-
bulent fluxes, defined as the sum of the turbulent flux and
the molecular flux. Indeed, the turbulent flux does van-
ish at the surface, but this is where the molecular flux is
most important (Figure 4.3). The molecular flux dominates
the effective turbulent flux in the lowest few millimeters.
Above roughly a centimeter, the effective turbulent flux is,
for practical purposes, equivalent to the turbulent flux.

For simplicity, the aforementioned boundary conditions
and explanation of effective turbulent fluxes are based on
the assumption of an aerodynamically smooth surface.
Most real surfaces are rough, however. The height at which
the wind and turbulent flux vanish over a rough surface is
called the roughness length, z0. The roughness length is a
function of the height and density of roughness elements on
the surface; z0 ranges from 10−5 m in the case of a calm sea
surface to 10−1 m for grasslands to 1–100 m in the case of
cities, forests, or mountainous terrain.

By introducing effective turbulent flux profiles, we can
ignore molecular processes in (4.19)–(4.23) and just use
the effective flux written in the same form as turbulent
fluxes. The effective turbulent fluxes near the surface
(where the effective turbulent fluxes include the molec-
ular fluxes) must be parameterized. In the case of heat we

z

z i

0

z (cm)

0
0

1
effective 
turbulent

flux

turbulent
flux

molecular
flux

w ′θ ′

w ′θ ′

Figure 4.3 The effective turbulent flux is the sum of the
turbulent flux and molecular flux. The profiles above are
for w′θ ′ during daytime convective conditions. The profile
of effective turbulent flux decreases linearly with height
from a maximum at the surface, whereas the turbulent flux
goes to zero in approximately the lowest centimeter (the
microlayer) and the molecular flux increasingly dominates
the effective flux as the surface is approached. (Adapted
from Stull [1988].)
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must parameterize conduction, and in the case of moisture
we must parameterize evaporation and condensation. The
most common means of parameterizing fluxes near the
surface is as follows:

u′w′|0 = −cd
(
u2

a + v2
a

)1/2
ua (4.35)

v′w′|0 = −cd
(
u2

a + v2
a

)1/2
va (4.36)

w′θ ′|0 = −ch
(
u2

a + v2
a

)1/2
(θ a − θ0) (4.37)

w′r′
v|0 = −ce

(
u2

a + v2
a

)1/2
(rva − rv0) (4.38)

where cd is a drag coefficient, ch is a bulk transfer coefficient
for heat, ce is a bulk transfer coefficient for moisture, the
subscript a indicates the value at anemometer level (often
10 m is assumed as the standard height), and the subscript 0
indicates the value at the height z0. The coefficients cd, ch,
and ce depend on the static stability, surface roughness, and
height of the wind measurement (the coefficients increase
as static stability decreases, roughness increases, and the
height of the wind measurement decreases). Typical values
range from 0.001 to 0.01 for all three coefficients, although
ch and ce typically are a little larger than cd, and it is usually
assumed that ch = ce. Hereafter, effective turbulent flux is
implied whenever turbulent fluxes are described.

4.1.3 Turbulent kinetic energy

Turbulent kinetic energy (TKE), e, is a measure of the
intensity of turbulence and is defined as

e = 1

2

(
u′ 2 + v′ 2 + w′ 2

)
. (4.39)
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Figure 4.4 Simulation of the time and space variation
of TKE (m2 s−2) from the Wangara, Australia, boundary
layer field experiment. (Adapted from Yamada and Mellor
[1975].)

TKE is a maximum during the early afternoon in the mid-
dle of the boundary layer, and a minimum during the
nighttime hours (Figure 4.4). A prognostic equation for
TKE can be derived by subtracting the Reynolds-averaged
equations of motion (4.19)–(4.21) from the unaveraged
forms (4.8)–(4.10), multiplying the difference equations
by the respective zonal, meridional, and vertical eddy
wind components, taking the Reynolds average, and then
summing. For example, subtracting (4.19) from (4.8), mul-
tiplying by u′, and taking the Reynolds average yields

∂
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(
u′ 2

2

)
= −u

∂
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(
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)
− v

∂
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2

)
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∂
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(
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2

)
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∂x
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∂y
− u′w′ ∂u

∂z

− u′
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∂p′

∂x
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− ∂

∂x

(
u′ u′ 2

2

)
− ∂

∂y

(
v′ u′ 2

2

)

− ∂

∂z

(
w′ u′ 2

2

)
. (4.40)

Similarly, if (4.20) is subtracted from (4.9), multiplied
by v′, and Reynolds-averaged, and if (4.21) is subtracted
from (4.10), multiplied by w′, and Reynolds-averaged, and

then the resulting equations for ∂
∂t

(
v′ 2

2

)
and ∂

∂t

(
w′ 2

2

)
are

summed with (4.40), a prognostic equation for TKE can be
obtained,

∂e

∂t
= −u

∂e

∂x
− v

∂e

∂y
− w

∂e

∂z︸ ︷︷ ︸
advection

+ g

θ
w′θ ′

︸ ︷︷ ︸
buoyancy generation/consumption
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∂x
− v′u′ ∂v

∂x
− w′u′ ∂w

∂x
− u′v′ ∂u
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∂y
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∂z
− v′w′ ∂v
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∂z︸ ︷︷ ︸
shear generation

−∂u′e
∂x

− ∂v′e
∂y

− ∂w′e
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turbulent transport

− 1

ρ0

∂u′p′

∂x
− 1

ρ0

∂v′p′

∂y
− 1

ρ0

∂w′p′

∂z︸ ︷︷ ︸
pressure correlation

−ε︸︷︷︸
dissipation

(4.41)

where the various contributions to the TKE budget are
indicated above. The Coriolis terms end up summing to
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Figure 4.5 Typical ranges of terms in the TKE bud-
get equation (4.41) during daytime, composited from
observations and numerical simulations from a num-
ber of investigators. Values have been normalized by
w3∗/zi, where zi is the height of the inversion at the top
of the boundary layer and w∗ is the convective veloc-
ity scale defined as w∗ = [(g/θ)w′θ ′|0 zi]1/3 (typically,
w3∗/zi ∼ 6 × 10−3 m2 s−3). (Adapted from Stull [1988].)

zero, which implies that the Coriolis force cannot gener-
ate TKE. In deriving the buoyancy generation/consumption
term, it has been assumed that −ρ ′/ρ0 ≈ θ ′/θ .7 Typical
vertical profiles of the terms are shown in Figure 4.5.

The viscous dissipation is

ε = −νu′∇2u′ − νv′∇2v′ − νw′∇2w′

= −1

2
ν∇2u′u′ + ν(∇u′)2

−1

2
ν∇2v′v′ + ν(∇v′)2 − 1

2
ν∇2w′w′ + ν(∇w′)2

≈ ν
[

(∇u′)2 + (∇v′)2 + (∇w′)2
]

, (4.42)

where the 1
2 ν∇2u′u′, 1

2ν∇2v′v′, and 1
2ν∇2w′w′ terms are

negligible compared to the ν(∇u′)2, ν(∇v′)2, and ν(∇w′)2

terms. This term represents the transfer of energy to the
molecular scale and always decreases TKE.

The buoyancy generation/consumption term is posi-
tive (negative) in statically unstable (stable) conditions
and zero in neutral conditions. In unstable (stable) condi-
tions, a rising parcel finds itself warmer (colder) than its
surroundings; thus, w′ and θ ′ are positively (negatively)

7 We leave it as an exercise for the reader to show that ρ′
ρ

≈(
1 − Rd

cp

)
p′
p − θv

θv
. If moisture variations do not contribute signifi-

cantly to the buoyancy and if p′/p is relatively small, then ρ′/ρ ≈ −θ/θ .
In the Boussinesq approximation, ρ is replaced with ρ0.

correlated and TKE is generated (consumed). The shear
generation term (sometimes called mechanical generation)
represents the production of TKE by velocity gradients.
The most important contributions are from the −u′w′ ∂u

∂z
and −v′w′ ∂v

∂z terms. In statically stable conditions, TKE
can be generated only if the shear generation can over-
come the damping effects of the buoyancy consumption
term. The ratio of these terms is represented by the flux
Richardson number,

Rf =
[(

g

θ

)
w′θ ′

](
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∂x
+ v′u′ ∂v

∂x
+ w′u′ ∂w

∂x
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∂y

+ v′v′ ∂v

∂y
+ w′v′ ∂w

∂y
+ u′w′ ∂u

∂z
+v′w′ ∂v

∂z
+w′w′ ∂w
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)−1

≈
[(

g

θ

)
w′θ ′

] (
u′w′ ∂u

∂z
+ v′w′ ∂v

∂z

)−1

. (4.43)

Because Rf is a function of turbulent fluxes, which are
significant only after conditions already have become tur-
bulent, it really is a measure of whether turbulence can be
sustained or will subside, rather than a measure of whether
a laminar flow will become turbulent. Turbulence tends to
be maintained when Rf < 1, that is, when the shear pro-
duction exceeds the damping by buoyancy. For a statically
unstable boundary layer, Rf < 0, which implies that buoy-
ancy forces are generating TKE rather than suppressing it.
Recall the investigation of Kelvin–Helmholtz instability in
Section 3.5.2; the stability criterion involved an expression
similar to (4.43), called the gradient Richardson number or
just the Richardson number, which contained only mean
variables rather than turbulent fluxes.

Regarding the other terms in the TKE equation given by
(4.41), the advection and turbulent transport terms neither
create nor destroy turbulence; rather, these terms simply
move TKE from one location to another within the bound-
ary layer. The pressure correlation terms are often associated
with buoyancy oscillations; gravity waves within a stable
boundary layer or near the top of a convective boundary
layer (possibly excited by thermals impinging on the stable
layer at the boundary layer top) are sometimes associated
with a net TKE loss from the boundary layer. Lastly, the
dissipation term is largest near the surface, where its mag-
nitude approaches the magnitude of the shear production
term.

4.1.4 Effect of momentum fluxes
on boundary layer winds

If we consider the case of small Rossby number, in which
case the total acceleration, dv/dt, is small relative to the
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Coriolis acceleration, −f k × v, and if the horizontal turbu-
lent flux divergence is neglected and the molecular viscosity
is incorporated into the effective turbulent flux, then (4.19)
and (4.20) become

0 = − 1

ρ0

∂p

∂x
+ f v − ∂u′w′

∂z
=f (v − vg) − ∂u′w′

∂z
(4.44)

0 = − 1

ρ0

∂p

∂y
− f u − ∂v′w′

∂z
= − f (u − ug) − ∂v′w′

∂z
,(4.45)

where ug and vg are the zonal and meridional geostrophic
wind components, respectively. Equations (4.44)–(4.45)
reflect a balance between the horizontal pressure gradient
force, the Coriolis force, and friction—sometimes referred
to as antitriptic balance8 —where the term friction describes
a drag on the wind attributable to the vertical turbulent
momentum flux divergence rather than the direct effects
of molecular viscosity. If linear profiles of the turbulent
momentum fluxes are assumed (Figure 4.2), with the fluxes
vanishing at height zi, the height of the inversion that caps
the boundary layer (at night, the height of the top of the
stable boundary layer should be used), and with surface
momentum fluxes parameterized via (4.35) and (4.36),
then (4.44) and (4.45) can be written as

f (v − vg) = cd |v|u
zi

(4.46)

−f (u − ug) = cd |v|v
zi

, (4.47)

where |v| = (u2 + v2)1/2 is the mean wind speed and u, v,
and |v| are understood to be at anemometer level. From
(4.46) and (4.47) we find that winds become increasingly
ageostrophic as the drag coefficient cd increases; it is also
implied that winds are subgeostrophic and blow across
isobars toward lower pressure (Figure 4.6). It can be shown
that the angle at which the antitriptic wind blows across iso-
bars is equal to tan−1(cd|v|/fzi). Geostrophic wind balance
is recovered in the case of cd = 0. As a consequence of winds
blowing across isobars toward lower pressure within the
boundary layer, it is easily shown that boundary layer con-
vergence (divergence) accompanies cyclonic (anticyclonic)
geostrophic relative vorticity, where the geostrophic relative
vorticity is defined as ζg = ∂vg

∂x − ∂ug

∂y . Thus, mean upward
(downward) motion is present when ζg > 0 (ζg < 0). This
is sometimes referred to as Ekman pumping.

The vertical profile of horizontal wind within the bound-
ary layer when the vertical profile of the momentum flux is
not linear will be considered next. Substituting (4.24) and

8 The Coriolis force is sometimes excluded from the definition of
antitriptic wind balance.

p + Δpp
vg

v

tan–1 cd |v|

f zi

PGF
COR

F

Figure 4.6 Antitriptic wind balance involves a balance
among the Coriolis (COR), horizontal pressure gradient
(PGF), and friction (F) forces, which are depicted schemat-
ically in blue. The geostrophic wind (green) and antitriptic
wind (black) are also indicated.

(4.25) into (4.44) and (4.45), respectively, and treating Km

as a constant, gives

f (v − vg) + Km
∂2u

∂z2
= 0 (4.48)

−f (u − ug) + Km
∂2v

∂z2
= 0, (4.49)

which can be solved to determine how departures of u
and v from geostrophy vary with height within the bound-
ary layer. If we assume that vg = 0 at all levels, u =
v = 0 at z = 0, and u = ug at z = ∞ (idealized as the
top of the boundary layer), the following solution is
obtained:

u = ug (1 − e−γ z cos γ z) (4.50)

v = ug e−γ z sin γ z, (4.51)

where γ = (f /2Km)1/2 and γ z is just a dimensionless
height. The solution is plotted as a hodograph in Figure 4.7
and is appropriately named the Ekman spiral after the
Swedish oceanographer V. Ekman. Note that Figure 4.7
also implies that the horizontal wind crosses isobars toward
lower pressure. Recall that the above solution differs from
(4.46)–(4.47) because (4.46)–(4.47) were obtained from
assuming linear profiles of u′w′ and v′w′, in which case
∂u′w′

∂z and ∂v′w′
∂z are independent of height, as is the degree of

ageostrophy. The Ekman spiral wind profile, however, can

only be obtained if ∂u′w′
∂z and ∂v′w′

∂z vary with height, which

implies that ∂2u
∂z2 and ∂2v

∂z2 are nonzero if the flux-gradient
approximation specified by (4.24)–(4.25) is used with
constant Km. The Ekman spiral is generally not observed
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Figure 4.7 The Ekman spiral hodograph in the northern
hemisphere. Note that the x and y axes display u/ug and
v/ug, respectively (vg = 0). Labels along the hodograph
show values of γ z.

exactly as it appears in Figure 4.7, although there is often
some similarity between observed hodographs and the
Ekman spiral, such as the hodographs shown in Figure
2.14, which display veering of the shear vector with height
within the boundary layer. One reason the Ekman spiral is
not generally observed is that the vertical profiles of u′w′
and v′w′ are (i) usually linear (e.g., Figure 4.2) and (ii)
not adequately represented by −Km

∂u
∂z and −Km

∂v
∂z with

Km = constant. Usually Km varies considerably with height
near the surface rather than being a constant. Moreover,
the Ekman wind profile contains an inflection point and
is therefore dynamically unstable (refer to Section 3.5);
additional discussion appears in Section 4.4.2.

The lowest part of the boundary layer is referred to
as the surface layer (this layer will be further discussed in
Section 4.3). It is usually considered to occupy roughly the
lowest 10% of the boundary layer, where turbulent fluxes
can be assumed not to deviate much from their surface
values. If the flux profile is linear over the mixed layer
depth, then the fluxes within the surface layer would not
vary by more than 10% of their surface values. In many
boundary layer applications, one of which appears below, it
is therefore assumed that the turbulent fluxes can be treated
as constant within the surface layer.

Within the surface layer, winds must decrease to zero at
the surface from their antitripic velocity at the top of the
surface layer. The manner in which winds vary with height
within the surface layer can be obtained by assuming that
the mixing length is proportional to the distance above the
ground within the surface layer, that is, l = kz, where k is a
constant (essentially we are assuming that the vertical scale
of turbulent eddies is limited by their distance above the

ground). Without loss of generality, if we consider the case
of v = 0, (4.24) and (4.34) lead to

|u′w′|∣∣
0

= (kz)2

(
∂u

∂z

)2

, (4.52)

where, as mentioned in the preceding paragraph, the turbu-
lent flux is assumed to be independent of height within the
surface layer and well approximated by |u′w′|∣∣0. Integrating
(4.52) with respect to z yields

u = u∗
k

ln

(
z

z0

)
, (4.53)

where u2∗ = |u′w′|∣∣0 and z0 is the previously introduced
roughness length (i.e., the height where u = 0). The velocity
u∗ is known as the friction velocity (u∗ typically ranges from
0.03 to 0.30 m s−1, depending on the surface drag). The
constant k is often referred to as von Karman’s constant and
has a value of roughly 0.4. The log wind profile specified
by (4.53) generally fits wind observations within a statically
neutral surface layer reasonably well.

4.2 Surface energy budget
The exchange of heat and moisture between the surface
and overlying atmosphere is responsible for the diurnal
variations in boundary layer temperature, humidity, and
depth, and, as discussed in Section 4.1.3, heat fluxes from
the surface play a major role in generating boundary layer
turbulence. It is therefore worth devoting some time to
examine the energy balance at the surface. It is through
this so-called surface energy budget that surface heat and
moisture fluxes are inescapably tied to the net radiation
received at the surface.

The surface receives predominantly short-wave radia-
tion from the sun, with the amount absorbed by the ground
dependent on the cloud fraction, solar angle, and surface
albedo. The ground also receives predominantly long-wave
(infrared) radiation emitted by clouds and the atmosphere.
However, the earth’s surface also emits radiation at long
wavelengths. The net radiation, Rn, is the difference between
the incoming short-wave and long-wave radiation and the
outgoing long-wave radiation. A complete discussion of
the Rn term that will appear in the surface energy bud-
get is obviously beyond the scope of this book, as entire
atmospheric sciences courses are devoted to Rn.

One might surmise that the surface heat and moisture
fluxes given by (4.37) and (4.38) figure prominently in
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the surface energy budget. The expressions for the fluxes
must be modified so that their units match the units of Rn

(usually W m−2). The resulting expressions for the sensible
heat flux (Qh) and latent heat flux (Qe) from the surface are
as follows:

Qh = ρcpw′T ′|0 (4.54)

Qe = ρlvw′r′
v|0, (4.55)

where cp is the specific heat at constant pressure (the vari-
ation of cp with humidity has been neglected) and lv is the
specific latent heat of vaporization. The parameterization
of (4.54)–(4.55), if desired, usually follows the formulation
presented in (4.37) and (4.38), although note that T ′ rather
than θ ′ typically appears in the definition of the sensible
heat flux.

The sensible heat flux is related to the heating of the
atmosphere from below. Air is largely transparent to incom-
ing solar (short-wave) radiation and therefore is not heated
directly by solar radiation; rather, diurnal boundary layer

warming occurs via the heat flux convergence term − ∂w′θ ′
∂z

in (4.22), which is intimately tied to (4.37), and therefore
(4.54) as well. The latent heat flux, on the other hand, rep-
resents the portion of the net radiation used in evaporation,
transpiration, or the melting of ice at the surface. There also
is a small but non-negligible downward flux of heat into
the ground. This ground heat flux (Qg) is usually relatively
small compared with the sensible heat flux.

The surface energy budget, that is, the relationship
between the net radiation and the sensible, latent, and
ground heat fluxes, can be expressed as

Rn = Qh + Qe + Qg, (4.56)

where Rn is defined to be positive when incoming radiation
exceeds outgoing radiation, and the heat fluxes are defined
to be positive when directed away from the surface (i.e.,
Qh and Qe are positive when upward directed, and Qg is
positive when downward directed) (Figure 4.8). In words,
(4.56) reflects the fact that the sensible, latent, and ground
heat fluxes are balanced by net radiation. An additional
storage term is sometimes included on the rhs of (4.56) if
a ground layer having a finite depth is considered (above
we have considered the surface to be a zero-thickness layer,
which works best for flat, barren land surfaces).

The ground heat flux is generally the smallest of the
three surface fluxes. Although its exact value depends on
the soil type and moisture content, it is usually ∼10%
of the net radiation. The latent heat flux depends on the
amount of available surface moisture, which is a function

R n

Qg

Qh

Qe

daytime

Rn

Qg

Q
h Q

e

nighttime

Figure 4.8 Schematic representation of the surface
energy budget during daytime and nighttime. Actual
magnitudes of the terms depend on the type of sur-
face and its characteristics (e.g., soil type, soil moisture,
vegetation), time of year, time of day, and weather.

of vegetation, soil wetness, land use, and near-surface wind
speed. It is highly variable in space and time, ranging from
roughly zero in a desert to more than 400 W m−2 in a
jungle. The sensible heat flux depends on the temperature
difference between the surface and the air, as well as the
wind speed. Daytime sensible heat flux values can range
from just a few 10s of W m−2 to >500 W m−2.

The ratio of the sensible heat flux to the latent heat
flux is known as the Bowen ratio, β = Qh/Qe. The larger
the Bowen ratio, the larger the amount of sensible heating
of the lower atmosphere for a given net radiation and
ground heat flux. The lowest Bowen ratios are typically
found over oceans, where β ∼ 0.1. Over forests β ∼ 0.5,
and in arid regions β ∼ 3–5. In deserts or regions of
severe drought, β > 10 has been observed. The Bowen ratio
can vary considerably from day to day at a given location,
depending on precipitation (e.g., β drops after heavy rains).

4.3 Structure and evolution
of the boundary layer

The boundary layer responds rapidly to surface forcings. It
is for this reason that the boundary layer has a pronounced
diurnal cycle, in contrast to the free atmosphere. On a given
day, the depth of the boundary layer is determined by the
morning atmospheric profile of temperature, as well as the
intensity of the turbulent mixing, which is determined by
the amount of insolation and associated sensible heat flux
(buoyancy-driven turbulence), as well as the mean vertical
wind shear (mechanically driven turbulence). The depth of
the boundary layer varies from as shallow as a few tens of
meters in strongly stable, nighttime conditions, to as deep
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as several kilometers in daytime conditions, when the lower
part of the boundary layer is typically superadiabatic and
vigorous convective motions dominate. Boundary layer
depth also varies spatially, with deeper boundary layers
found in warmer, drier climates on average (e.g., desert
boundary layer depths frequently exceed 4 km).

Following sunrise, heating of the boundary layer by
the ground below, by way of the sensible heat flux, drives
the layer of air in contact with the ground toward the
dry adiabatic lapse rate (∂θ/∂z = 0). Superadiabatic con-
ditions within a shallow layer in contact with the ground
induce vertical mixing and turbulence. Because the mix-
ing promotes homogeneity, water vapor concentrations
and wind speeds also tend toward constant values with
height. Upward-moving thermals overshoot beyond the
top of the boundary layer, penetrating the stably stratified
atmosphere above, and this penetrative convection induces
mixing through an even deeper layer, leading to growth of
the boundary layer (Figures 4.9 and 4.10). Overshooting
thermals generate a capping inversion by causing a small
degree of cooling at the top of the mixing layer within
the stable region where they overshoot. Additional sur-
face heating leads to more thermals, deeper mixing, and a
deepening boundary layer. The boundary layer attains its
maximum depth near sunset, when a decreasing sensible
heat flux (it typically peaks during the afternoon) eventu-
ally undergoes a sign reversal. Surface cooling commences
and stability in the near-ground layer increases.

Because of the turbulent motions and their associated
mixing effects that typify the daytime boundary layer, the
portion of the daytime boundary layer that extends from
the surface to the entrainment zone atop the boundary
layer is often referred to as the mixed layer, or a convective
boundary layer (CBL) or convectively mixed layer if there
is significant turbulence generation by buoyancy. As men-
tioned in the preceding paragraph, the vertical profiles
of potential temperature, water vapor concentration, and
wind speed are roughly constant with height within the
daytime mixed layer, except within the lowest 10% of the
mixed layer, termed the surface layer, where the exchange
of heat, moisture, and momentum with the ground is able
to overcome the effect of vertical mixing (Figure 4.11a).9

As a result, potential temperature may increase by 1–2 K
from the top of the daytime surface layer to the ground
(i.e., superadiabatic conditions prevail), water vapor mixing
ratio may increase slightly as one approaches the ground,
and, as discussed in Section 4.1.4, wind speed decreases
logarithmically to zero at the ground.

The profiles shown in Figure 4.11a are somewhat ideal-
ized. The presence of larger-scale influences, forcings at the
top and bottom of the boundary layer, and the fact that mix-
ing is not instantaneous often lead to small departures from

9 Some consider the surface layer to be a subset of the mixed layer,
whereas others define the bottom of the mixed layer to coincide with
the top of the surface layer.
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Figure 4.9 The boundary layer in relatively tranquil conditions over land consists of three major parts: a very turbulent
mixed layer, a less turbulent residual layer consisting of former mixed-layer air, and a nocturnal stable boundary layer of
sporadic turbulence. The letters A–E identify the times of the soundings shown in Figure 4.10. (Adapted from Stull [1988].)
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Figure 4.10 Vertical profiles of potential temperature, showing the evolution of the boundary layer during a diurnal cycle
starting at about 1600 local time (LT). The letters A–E identify each sounding with a time indicated in Figure 4.9. The free
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T –log p diagram, respectively. (Adapted from Stull [1988].)

the profiles in Figure 4.11a. For example, environments
supportive of severe thunderstorms tend to be associated
with a large thermal wind, and daytime mixed layers in
these environments often contain significant vertical wind
shear despite vigorous vertical mixing. Another example
is the moisture profile; it is not unusual for mean water
vapor mixing ratio to decrease slightly with height within
the daytime mixed layer as a result of moisture being sup-
plied from below via evaporation, while dry air is being
entrained into the top of the mixed layer from the overlying
free atmosphere. Moreover, mean potential temperature
profiles often have a slight minimum near the middle of
the daytime mixed layer; the aforementioned entrainment
of warmer air from the free atmosphere into the top of
the mixed layer, along with heating from the underlying
ground, can lead to this relative minimum.

During daytime convective conditions, turbulent fluxes,
with the possible exception of the moisture flux, tend to be
a maximum in magnitude at the surface and decrease in

magnitude with height, becoming negligible at the base of
the free atmosphere (Figure 4.2a). (The turbulent moisture
flux also becomes negligible at the base of the free atmo-
sphere, but its maximum magnitude is sometimes observed
significantly above the surface.) The turbulent momentum
flux (u′w′, without loss of generality) tends to be nega-
tive because the mean wind typically increases with height;
in such mean conditions, rising thermals (w′ > 0) will be
associated with negative wind speed perturbations (u′ < 0)
as they transport lesser momentum upward from below
(and compensating sinking motion will be associated with
positive wind speed perturbations as they transport higher
momentum downward from above). The magnitude of
u′w′ tends to decrease linearly with height from the surface
to the top of the mixed layer. Within the entrainment zone,
u′w′ and w′θ ′ decrease in magnitude rapidly such that they
are nearly zero at the top of the entrainment zone. The fact
that ∂u′w′/∂z > 0 implies a drag on the mean winds within
the boundary layer if u > 0 (when u < 0, the profile of u′w′
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Figure 4.11 Typical vertical profiles of mean potential temperature (θ), water vapor mixing ratio (rv), and horizontal
wind speed ((u2 + v2)1/2) during (a) daytime and (b) nighttime. The daytime profiles also appear in (b) in gray to facilitate
day–night comparisons. (Adapted from Stull [1988].)

is such that ∂u′w′/∂z < 0, which also implies a drag on the
mean winds).

The daytime turbulent heat flux (w′θ ′) is generally
positive in the mixed layer as a result of rising air (w′ > 0)
being positively buoyant (θ ′ > 0). The vertical profile of
w′θ ′ tends to decrease linearly with height from the surface
to the top of the mixed layer. Within the entrainment zone
atop the mixed layer, w′θ ′ tends to be negative and about
10–20% of the magnitude of the flux at the surface, at least
in conditions of shear-free convection. Within the mixed
layer, ∂w′θ ′/∂z < 0 implies mean warming; however, mean
cooling is implied by ∂w′θ ′/∂z > 0 within the entrainment
zone, where w′θ ′, like u′w′, also goes to approximately

zero. Boundary layer thermals overshoot their equilibrium
levels and are responsible for the cooling in this layer. The
vertical profile of turbulent moisture flux (w′r′

v) also tends
to be linear (and greater than zero) within the daytime
mixed layer, but w′r′

v can increase or decrease with height
(two types of profiles are drawn in Figure 4.2a), depending
on the situation, which may imply drying or moistening
of the mixed layer. Whether ∂w′r′

v/∂z is less or greater
than zero depends to a large extent on the surface moisture
characteristics. Within the overlying entrainment zone,
∂w′r′

v/∂z < 0, implying net moistening there.

Neglecting advection and horizontal flux divergences,
and assuming linear vertical turbulent flux profiles within
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the mixed layer, it is easily shown from (4.22) and (4.23)
that

∂〈θ〉
∂t

= [w′θ ′|0 − w′θ ′|zi ]

zi
(4.57)

∂〈rv〉
∂t

= [w′r′
v|0 − w′r′

v|zi ]

zi
, (4.58)

where the 〈 〉 brackets indicate a vertical average from
the surface to zi and the subscripts 0 and zi indicate that
the turbulent fluxes are evaluated at z = 0 and at z = zi,
respectively. It can also be shown that

∂zi

∂t
= [w′θ ′|0 − w′θ ′|zi ]

zi
∂θ

∂z

, (4.59)

where ∂θ/∂z should be evaluated just above the top of the
mixed layer.

The above expressions describe the evolution of the
(vertically constant) potential temperature and water vapor
mixing ratio within the mixed layer. It is obvious from
(4.57) and (4.59) that the rate of boundary layer warming
and deepening slows as the day progresses and zi increases.
In principle, if a morning sounding is available, (4.59) can
be integrated in time to obtain a prediction of the depth
of the mixed layer and (using knowledge of the potential
temperature of the initial sounding at zi and assuming
a neutral lapse rate in the final mixed layer) the mean
(and surface) temperature associated with that mixed layer
depth; w′θ ′|0 could be parameterized via (4.37) and w′θ ′|zi

is typically 10–20% (assuming shear-free convection) of
−w′θ ′|0 (Figure 4.2a). (The magnitude of w′θ ′|zi is related
to what is sometimes called the entrainment velocity.) Of
course, horizontal advections often affect the evolution of a
boundary layer sounding in nontrivial ways such that they
would deviate from this idealization. Another approach
would be simply to integrate w′θ ′|0 with respect to time,
which is just the total heat supplied to a sounding. The
initial sounding could then be modified accordingly. On a
thermodynamic diagram, for example, area is proportional
to energy; thus, the final sounding could be estimated by
knowing the total heating and constraining the lapse rate
to be dry adiabatic within the mixed layer.

During the nighttime hours, a shallow inversion layer in
contact with the surface is created owing to infrared heat
loss by the ground (Figures 4.9, 4.10, and 4.11b). This layer,
sometimes referred to as a stable or nocturnal boundary
layer, becomes decoupled from the mixed layer because
the inversion inhibits mixing. The remnant mixed layer
from the previous day is termed the residual layer, and is
characterized by nearly constant potential temperature and

water vapor mixing ratio. What is termed the entrainment
zone during daytime conditions is usually just generically
referred to as a capping inversion at night, because there is
not much exchange between the overlying free atmosphere
and residual layer during the nighttime hours.

The turbulent momentum, heat, and moisture fluxes
tend to be negative within the nocturnal boundary layer
(Figure 4.2b). The fluxes have their maximum magnitude
(minimum value) at the surface, and the magnitude of the
fluxes becomes negligible toward the top of the nocturnal
boundary layer. In other words, ∂u′w′/∂z, ∂w′θ ′/∂z, and
∂w′r′

v/∂z all are greater than zero, implying cooling and
drying within the nocturnal boundary layer, as well as an
effective drag on the mean wind.

The shallow nocturnal inversion layer grows in steps,
which are often interrupted by turbulent events (shear-
driven turbulent eddies) that deepen the cooled layer and
render it less stable. Relative humidity increases within the
nocturnal boundary layer, dew may form, and water vapor
mixing ratio may decrease at the surface as condensation
occurs. The lowest surface air temperatures occur on nights
with the strongest net radiational cooling and on nights
when turbulent events are limited (e.g., nights with weak
winds). On these nights, the nocturnal inversion is strongest
and shallowest.

As was the case for the profiles in Figure 4.11a, the
profiles in Figure 4.11b are also idealized. For example,
the depth of the residual layer relative to the depth of
the nocturnal boundary layer is strongly a function of the
mean wind shear; on a clear, windless night the nocturnal
boundary layer may be only a few tens of meters deep,
whereas on a cloudy, windy night the nocturnal boundary
layer may be nearly as deep as the daytime mixed layer.
Moreover, the surface water vapor mixing ratio may rise or
fall after sunset depending on the degree of dew formation
(which lowers the surface layer water vapor mixing ratio)
versus the degree to which water vapor mixing ratio in
the surface layer was lowered during daytime convective
conditions because of the downward mixing of dry air (in
which case, the surface layer water vapor mixing ratio may
rebound after sunset when vertical mixing abates).

Winds at the top of the nocturnal boundary layer and
within the residual layer accelerate during the nighttime
hours as the effect of surface drag at these levels is effectively
‘shut off’ via decoupling of the nocturnal boundary layer
from the overlying residual layer. A nocturnal low-level
wind maximum (sometimes called a low-level jet) forms,
the dynamics of which is the subject of Section 4.7. At
the surface, nocturnal drainage winds may arise from the
tendency for negatively buoyant air to sink toward the
lowest elevations. Such winds are discussed in greater detail
in Chapter 11.
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4.4 Boundary layer convection
4.4.1 The Rayleigh number

As discussed above, the daytime boundary layer is dom-
inated by convection. Usually the convection is non-
precipitating, but on occasion, such as when unusually
cold air masses are advected over relatively warm sur-
faces, boundary layer convection can be intense enough to
produce significant precipitation. Lake-effect convection,
which is treated in Section 4.5, is a prime example of
this form of enhanced boundary layer convection. What
is often referred to as deep, moist convection (DMC) is
reserved for Part III. This variety of convection involves
much larger buoyancy, CAPE, vertical velocities, and ver-
tical displacements than the convection discussed in this
chapter; the dynamics and organization of DMC are very
different from the much shallower convection discussed
below.

In Section 3.1, static instability was reviewed from the
perspective of buoyancy forces acting locally on a parcel
of air. One also can investigate the conditions needed
for the onset of convection from a global perspective,
that is, when buoyancy forces are distributed over a large
horizontal area compared with the depth of the overturning
layer. The term thermal instability is sometimes used to
broadly refer to the instability of a fluid layer heated from
below.

The conditions under which convective overturning
commences were first studied roughly a century ago, both
theoretically and experimentally, by Rayleigh and Bénard,
respectively.10 The onset of convection in a thin layer of
fluid at rest heated from below occurs when a dimensionless
number, called the Rayleigh number, exceeds a critical
threshold. The Rayleigh number, Ra, is expressed as

Ra = g β T H3

νκ
, (4.60)

where ν and κ are the kinematic viscosity and thermal diffu-
sivity, respectively, β is the coefficient of thermal expansion
[= 1

α

(
∂α
∂T

)
p

for air, where α is the specific volume, p is
pressure, and T is temperature], and T is the temperature
difference between two plates separated by a vertical dis-
tance H. The Rayleigh number increases as T increases.
On the other hand, diffusion has a stabilizing effect; Ra
decreases as ν and κ increase.

10 Henri Bénard (1874–1939) was a French physicist. It is now known
that his experiments did not actually demonstrate the same thermal
instability as studied by Rayleigh. Because of the thinness of the fluid
used, Bénard instead discovered an instability due to surface tension
differences that arise when a fluid is unevenly heated.

When Ra > Rac, where Rac is the critical Rayleigh
number, convective motions in the statically unstable layer
are able to overcome the stabilizing influence of molec-
ular diffusion and thermal conductivity; thus, convective
overturning ensues. It can be shown via linear stability
analysis that the minimum Rac that must be exceeded
for convective overturning to commence is approximately
120, which occurs when the upper and lower boundaries
are free-slip and perfectly insulating, and when there is no
mean vertical wind shear. The value of Rac increases if mean
vertical wind shear is present, or if conducting or no-slip
boundaries are imposed, which implies that these effects
have a suppressing effect on the tendency for convective
overturning.

It is reasonable to question the applicability of the
aforementioned Rayleigh-Bénard convection to the convec-
tion observed within the atmospheric boundary layer. For
starters, the atmospheric boundary layer is not capped by
a rigid lid. Another issue is how the Rayleigh-Bénard con-
vective cells compare with the structures observed in the
atmospheric boundary layer. Although structures seen in
laboratory experiments of Rayleigh-Bénard convection are
qualitatively similar to structures sometimes seen within
the atmospheric boundary layer (e.g., hexagonal updraft
and downdraft cells), a closer look at the details of these
structures reveals that boundary layer convective cells are
often much flatter than Rayleigh-Bénard convective cells.

Whether or not Rayleigh-Bénard convection is an appro-
priate model for the convection observed within the
atmospheric boundary layer, thermal instability certainly
plays an important role in the development of boundary
layer convection and turbulence. One complication in the
atmospheric boundary layer is that additional instabilities
related to the wind profile are commonly present as well
(i.e., the mechanical generation of turbulence can be just
as important as the generation of turbulence by buoy-
ancy). Such dynamical instabilities affect the organization
of boundary layer convection in ways that differ from the
organization that might be expected in the presence of
thermal instability alone. Further discussion of the struc-
ture of atmospheric boundary layer convection and how
it relates to thermal and dynamical instabilities appears
below.

4.4.2 Organization of convective motions

Despite the randomness of the motions associated
with individual boundary layer eddies, boundary layer
convection often exhibits a high degree of organization
on scales larger than the scale of individual eddies.
Convective motions are often organized into hexagonal
cellular patterns when the vertical wind shear is weak
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(Figure 4.12). As mentioned in the preceding section, such
mesoscale cellular convection appears qualitatively similar
to Rayleigh-Bénard convective cells. There is no rigorous
theory explaining why hexagonal cells should be favored
over other geometries such as rectangles or triangles, but
some have speculated that hexagons are favored because
nature seeks a geometrical configuration that minimizes
the perimeter-to-area ratio.11 The horizontal wavelength
of Rayleigh-Bénard cells is roughly three times the depth of
the overturning layer. Observations of cells in atmospheric
boundary layers, however, have revealed much wider cells
on occasion, with width-to-height (aspect) ratios at times
as large as 30.

Open cellular convection is characterized by walls of
cloud surrounding open, cloudless areas, with descent
in these central open areas. Closed cellular convection
comprises rings of open areas surrounding cloudy areas,
with upward motion in the center (where the cloud is)
and sinking motion in the rings. Cellular convection is
most commonly observed over the oceans, and there is
some suggestion that open (closed) cells tend to be favored

11 A circle has the smallest perimeter-to-area ratio. The hexagon is the
polygon that most closely approximates a circle and can be fitted into
an array of elements with common boundaries.

over warm (cold) water relative to the overlying air. When
cellular convection is observed over land, it almost always
is open cellular convection. For boundary layers capped
by extensive cloudiness, as is often the case when closed
cellular convection is observed, radiative cooling at cloud
top probably plays an important role in driving the con-
vection. Some laboratory studies of convection also suggest
that open (closed) cellular convection depends on the
large-scale vertical motion, with open (closed) cellular
convection favored when the large-scale vertical veloc-
ity is downward (upward).12 One additional discrepancy
between laboratory experiments of Rayleigh-Bénard con-
vection and observations of mesoscale cellular convection is
that laboratory experiments of Rayleigh-Bénard convection
yield closed cellular convection only when liquids are used
and open cellular convection only when gases are used,
whereas both types of cellular convection are observed in
the atmosphere.

Atmospheric boundary layer convection also is com-
monly organized as counter-rotating horizontal vortices,
called horizontal convective rolls (HCRs) (Figures 4.13–
4.15). As is the case for convective cells, the vertical scale
of HCRs spans the boundary layer. Aspect ratios can range

12 See Krishnamurti (1975b).

closed cellular 
convection

open cellular 
convection

Figure 4.12 Moderate Resolution Imaging Spectroradiometer (MODIS) satellite image showing open and closed cellular
convection off the coast of Peru on 30 August 2003. Image courtesy of the MODIS Rapid Response Project at the National
Aeronautics and Space Administration (NASA) Goddard Space Flight Center (GSFC).
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Figure 4.13 HCRs observed in the wake of a cold front in the United States Great Lakes region at 1415 UTC 14 January
2005.

Figure 4.14 Cloud streets (a manifestation of HCRs) viewed from an airplane. Photograph by Joel Gratz.
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Figure 4.15 Schematic illustration of HCRs in the boundary layer. Black arrows indicate the winds due to the rolls and
blue arrows indicate the total wind. Note that the characteristic distance between cloud rows is twice the characteristic
width of the convective rolls. (Adapted from Brown [1983].)

from 3 to 10, depending on the dominant forcing for the
HCRs, which can vary from case to case (the different
instabilities that can give rise to HCRs, which will be
discussed below, are associated with different aspect ratios).
HCRs produce coherent perturbations in the temperature,
humidity, and wind fields because HCRs themselves tend
to have coherent updrafts and downdrafts. HCRs also
modulate mean surface fluxes and boundary layer depth.
HCRs can give rise to the familiar cloud streets (Figure 4.14)
of nearly unbroken cloud bands within the boundary layer,
provided that ample moisture is present in the boundary
layer. The ascending branch of the roll circulations is the
favored area for the formation of clouds.

The formation of HCRs has been the subject of almost
countless modeling and theoretical studies, with some sug-
gestions that they form when a critical value of the buoyancy
flux is reached.13 Many observations have suggested that
HCRs tend to be favored over cells when

− zi

L
<∼ 25, (4.61)

where L is the Obukhov length, defined as

L = − θ u3∗
k g w′θ ′|0

. (4.62)

The Obukhov length roughly represents the depth over
which the generation of turbulence by the vertical wind
shear dominates buoyancy-driven turbulence. In a stable
(unstable) surface layer L > 0 (L < 0), and for a neutral
surface layer L = 0. Given that both zi and w′θ ′|0 tend to
increase from early morning to midday and, as a result

13 See Weckwerth et al. (1999).

of vertical mixing, the mean vertical wind shear (and thus
momentum flux and u∗) tends to decrease from early
morning to midday, −zi/L therefore tends to increase
from early morning to midday. This diurnal trend in
−zi/L is consistent with frequent observations of HCRs
developing early in the day and transitioning to cellular or
disorganized convection later in the day as −zi/L exceeds
25.14 In contrast, a number of other studies have failed to
document a significant correlation between roll formation
and −zi/L, or other parameters involving mean shear,
surface fluxes, or static stability. The lack of agreement could
be attributable to nonlinear scale interactions between large
(roll) and small (subroll) scales,15 or gravity waves excited
by boundary layer convection or processes in the overlying
free atmosphere that might interact with boundary layer
convection to influence its organization.

HCRs can be driven by a number of instabilities. HCRs
driven by thermal instability alone tend to be aligned with
the mean vertical wind shear in the boundary layer. Thus,
the convective motions are arranged so that the wind shear
is minimized along the lines of updrafts and downdrafts.16

This orientation probably minimizes entrainment and its
suppressing effects. Entrainment tends to be maximized
upshear and downshear of updrafts, and, by forming lines

14 See Weckwerth et al. (1999).
15 See Miles and Verlinde (2005).
16 As mentioned in Section 4.4.1, linear theory finds that Rac increases
with increasing mean shear, implying that shear has a stabilizing effect
on the onset of Rayleigh-Bénard convection. This might also imply
that thermally driven HCRs would align themselves with the mean
shear, if the theory of Rayleigh-Bénard convection is at all applicable
to atmospheric boundary layer convection, for this orientation would
minimize the mean shear present in the plane of the wind perturbations
associated with the HCRs.
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aligned with the shear, updrafts are somewhat protected
from the environment.

It is not clear whether HCRs driven solely by thermal
instability exist, however, because wind profiles containing
shear frequently are also susceptible to shear instability, as
discussed in Section 3.5. Inflection-point instability, as the
name suggests, is present when a vertical wind profile has
an inflection point, that is, ∂2u/∂z2 or ∂2v/∂z2 changes sign
somewhere in the wind profile, and the inflection point in
the velocity profile is associated with a relative maximum in
wind shear (an inflection point alone could be associated
with a relative maximum or minimum in vertical wind
shear). Inflection-point instability generates rolls with axes
normal to the wind shear orientation. Thus, for a straight
hodograph dominated by speed shear, rolls tend to be nor-
mal to the mean wind. For a straight hodograph dominated
by directional wind shear, the rolls may be aligned roughly
with the mean wind. For a curved hodograph (e.g., the
Ekman wind profile), the relationship between the mean
wind and roll orientation is not as easy to generalize and
depends on the details of how both speed and direction
vary with height.

Parallel instability is also a type of shear instability, but in
contrast to inflection-point instability, it does not require
an inflection point in the vertical wind profile but does
require viscosity and the Coriolis force.

The Ekman wind profile defined by (4.50) and (4.51)
(Figure 4.7) has been shown to be prone to both inflection-
point and parallel instability. The Ekman wind profile is
derived from assuming the presence of viscosity and the
Coriolis force, so naturally one would expect that par-
allel instability could be present. Parallel instability has
been shown to promote HCRs that are oriented roughly
10–20◦ to the right of the geostrophic wind when an
Ekman mean wind profile is assumed (the geostrophic
wind is assumed to be constant with height in deriving the
Ekman hodograph). However, the Ekman wind profile also
contains an inflection point and is therefore also suscep-
tible to inflection-point instability. Figure 4.16 shows the
component of the mean velocity of the Ekman wind profile
(Figure 4.7) in vertical planes having a range of orientations
relative to the geostrophic wind. Although inflection points
are present for all of the wind profiles shown in Figure 4.16,
the wind profile associated with the largest growth rate of
inflection-point instability is the profile that results from
having the vertical plane oriented 10–20◦ to the left of the
geostrophic wind (not shown). In other words, if inflection-
point instability is the dominant forcing for HCRs, then we
would expect it to produce HCRs oriented 10–20◦ to the
left of the geostrophic wind in the boundary layer.

Given that both inflection-point and parallel instability
would lead to HCRs roughly aligned with the boundary
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Figure 4.16 Vertical profiles of V, the magnitude of the Ekman mean wind profile in a plane normal to a roll. Profiles for
rolls oriented at ±10◦, ±30◦, and ±60◦ with respect to vg are shown (positive orientations are to the left of vg). Wind
speeds are scaled by the geostrophic wind speed, |vg| = |ug|. On the ordinate, γ z is just a dimensionless height, where
γ = (f /2Km)1/2. Also see Figure 4.7. (Adapted from Brown [1972a].)
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layer mean wind,17 historically there has been some dif-
ficulty in establishing which instability mechanism might
be operating. Because of the larger growth rates associated
with inflection-point instability compared with parallel
instability, inflection-point instability is believed to be the
dominant dynamical instability in most cases. In some situ-
ations, however, it is possible that parallel instability would
be of greater importance. One situation might be when
there is a smooth lower boundary (small cd), in which case
the inflection point in the Ekman hodograph becomes less
prominent. The parallel instability mechanism might also
be important when the geostrophic wind varies with height,
especially in terms of direction, such that the total wind pro-
file, comprising geostrophic and ageostrophic parts (with
the ageostrophic part resulting from the effects of surface
drag), lacks an inflection point altogether.

On most days on which HCRs are observed, it is likely
that both thermal and dynamical instabilities contribute to
the formation and orientation of the HCRs. Because of the
superpositioning of the various dynamics by which HCRs
may form, HCRs may have a wide range of orientations,
from being closely aligned with the boundary layer mean
wind to deviating from the boundary layer mean wind
direction by a large angle. It is probably fair to say, however,
that HCRs are usually oriented within 30◦ of the mean wind
in the boundary layer, and, to the extent that the boundary
layer hodograph even slightly resembles the Ekman profile,
HCRs would also tend to be oriented within 30◦ of the mean
boundary layer shear (the mean boundary layer shear in the
Ekman spiral is nearly aligned with the mean boundary layer
wind; see Figure 4.7). When strong large-scale temperature
advection is occurring, however, the mean wind and mean
shear can point in significantly different directions.

Finally, it might be worth mentioning that much shal-
lower convective rolls have also been observed within the
surface layer, but these appear to be dynamically differ-
ent from the HCRs described above. They are usually
only 100–200 m deep, have a horizontal wavelength of
300–600 m, and are 500–2000 m long. They are aligned
with the surface layer wind and have faster (slower) hor-
izontal wind speeds within their downdrafts (updrafts).
They are very likely to be shear driven, but the precise
formation mechanisms are still being debated.

17 Even though the theoretical analyses of the dynamical stability of the
Ekman wind profile suggests differences in HCR orientation of 20–40◦

for the inflection-point versus parallel instability mechanisms, observed
mean wind profiles practically never match the Ekman hodograph
perfectly. It is therefore difficult to attribute HCRs confidently to one
dynamical instability mechanism versus another by simply inspecting
the HCR orientation.

4.5 Lake-effect convection
Especially intense boundary layer convection can develop
when cold air masses are advected over relatively warm
surfaces. In such conditions, the sensible heat flux is greatly
enhanced relative to typical magnitudes for a given location
and time of day/year. Such augmented boundary layer con-
vection tends to be much more vigorous than the typically
nonprecipitating convection discussed in the preceding
section, although the basic dynamics are similar for the
most part.

The focus in this section will be on boundary layer con-
vection that is enhanced by the advection of cold air over
relatively warm water. Although boundary layer convection
can occasionally be intense enough to produce precipita-
tion in cold air outbreaks over land, the most spectacular
outbreaks of boundary layer convection occur when cold
air is advected over relatively warm water and is destabi-
lized by both heat and moisture fluxes from the underlying
surface. A cold air mass that is advected over relatively
warm land is also destabilized, but the destabilization is
much more dramatic in the case of warm water because
of the greater thermal inertia of the water and the much
greater moisture flux from a water surface compared with
that from a land surface. Regarding the thermal inertia of
water, it does not cool as rapidly as the land, and thus
the temperature difference between the water surface and
overlying cold air mass, which drives the sensible heat flux,
can be sustained for a long duration.

The aforementioned episodes of precipitating boundary
layer convection usually involve lakes, and therefore are
often referred to as lake-effect precipitation (rain or snow)
events, although ocean-effect and bay-effect precipitation
also occurs in various parts of the world. Hereafter we shall
just generically refer to all such events as lake-effect events
without regard for whether the body of water is an ocean,
sea, lake, or bay.

The regions downwind of the Great Lakes of North
America are among the best-known locations for lake-
effect precipitation (Figures 4.17 and 4.18), with the height
of the lake-effect ‘season’ being in the late fall to early winter,
when water temperatures are warmest relative to the air
masses advected over the lakes (Figure 4.19). Most of the
annual snow accumulation in these so-called snow belts is
attributable to lake-effect snow. Some locales downwind of
Lake Ontario average nearly 300 cm per year. In the United
States, lake-effect precipitation also occurs downwind of
the Great Salt Lake, and even occasionally along the West
Coast near the mouth of the Columbia River and downwind
of the Chesapeake Bay, Delaware Bay, and Cape Cod Bay.
It also is fairly common downwind of many Canadian lakes
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Figure 4.17 Mean annual snowfall (inches) for the Great Lakes region. (Adapted from Eichenlaub [1979].)

(e.g., Lake Winnepeg, Lake Athabasca, Great Slave Lake),
as well as in other parts of the world. For example, lake-
effect snow occurs in the United Kingdom when easterlies
advect cold continental air over the North Sea. Lake-effect
precipitation also occurs in the vicinity of the Sea of Japan,
Adriatic Sea (affecting parts of Italy), Baltic Sea (affecting
parts of Sweden), Aegean Sea (cold northeasterlies called
boreas have been associated with heavy lake-effect snows
in the vicinity of Athens, Greece), and Black Sea (affecting
parts of Turkey and Georgia). By late winter, the surfaces
of many bodies of water have frozen, effectively putting an
end to the lake-effect season. For high-latitude lakes, such
as those in Canada, the lake-effect season may end as early
as late fall. For other bodies of water, such as deep lakes
(e.g., Lake Ontario; this is principally why the downstream
region is the snowiest place in the Great Lakes region) or
salt water (e.g., the Great Salt Lake or oceans), the water
surface may remain unfrozen all winter long.

The convective clouds associated with lake-effect pre-
cipitation can be several kilometers deep with peak vertical
velocities as large as 5 m s−1. In the case of lake-effect snow,
snowfall rates as large as 30 cm h−1 and 75 cm day−1 have

been observed, as has lightning in some of the most intense
cases. Banded structures are commonly observed and can
have a variety of orientations, which is not surprising
given the discussion of boundary layer convection struc-
tures in Section 4.4. The heaviest precipitation usually falls
when linear updrafts are present and exhibit little crosswise
movement. More will be said about the organization of the
convection later in this section. We shall first touch upon
the conditions necessary for its development.

Lake-effect precipitation is driven by the production and
subsequent release of CAPE, albeit considerably smaller
amounts of CAPE than typically present in the environ-
ments of the much deeper warm season convection that
is the focus of Part III. As earlier alluded to, the CAPE is
generated by modification of continental polar or arctic air
by a relatively warm body of water. Thus, the most intense
lake-effect snows tend to occur behind strong cold fronts
in fall and early winter (by late winter, when many bod-
ies of water prone to lake-effect precipitation have frozen,
the surface moisture flux is virtually eliminated, as are the
chances for lake-effect precipitation). The passage of rela-
tively cold, dry air over a warm water surface generates large
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Figure 4.18 (Top) Visible satellite and (bottom) radar reflectivity imagery of an intense lake-effect snow band at 2115
UTC 12 October 2006. As much as 60 cm (two feet) of snow fell in proximity to Buffalo, NY. Cloud tops exceeded 8 km at
times (this is extremely unusual, even in strong lake-effect convection episodes), with frequent lightning also observed.
A very warm early fall Lake Erie temperature of 17◦C, combined with 850 mb temperatures as cold as −7◦C, contributed to
particularly large low-level instability.

surface sensible and latent heat fluxes (Figure 4.20). For
a given wind speed, the larger the temperature differ-
ence between the overlying cold air mass and the warm
water surface, the larger the sensible and latent heat fluxes
and the more dramatic the low-level lapse rate destabi-
lization and moistening. In particularly intense cold-air
outbreaks (water-air temperature differentials greater than
30 K and winds at anemometer level greater than 20 m s−1),

the surface sensible and latent heat fluxes can exceed
1000 W m−2.

The rate of warming experienced by an air parcel moving
just above the surface (say, at standard anemometer height)
as it traverses a warm body of water is given by

dθ a

dt
= − ∂

∂z
(w′θ ′)

∣∣∣∣
a

, (4.63)
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Figure 4.20 Schematic illustrating the polar or arctic air mass modification that leads to the development of lake-effect
convection. (Adapted from Davis et al. [1968].)

where θ a is the mean potential temperature of the air at
standard anemometer height and the rhs is the vertical
heat flux convergence at standard anemometer height.
The horizontal flux convergence has been neglected. If
we assume a linear vertical profile of w′θ ′ (i.e., assume a
constant vertical heat flux convergence; see Figure 4.2a),
then (4.63) can be written as

dθ a

dt
= − [w′θ ′|zi − w′θ ′|0]

zi
, (4.64)

where zi is the depth of the mixed layer and w′θ ′|zi and
w′θ ′|0 are the heat fluxes at the top of the mixed layer
and at z0, respectively. Assuming w′θ ′|zi ≈ −0.2 w′θ ′|0
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Figure 4.21 Vertical cross-section of potential temperature over Lake Michigan on 5 November 1970 obtained from
aircraft transects. The mean wind is from left to right (northwest to southeast). The clouds shown are based on visual
observations from the aircraft. (Adapted from Lenschow [1973].)

(Figure 4.2) and parameterizing the surface heat flux using
(4.37), we obtain

dθ a

dt
≈ 1.2 ch (u2

a + v2
a)1/2 (θ0 − θ a)

zi
, (4.65)

where θ0 is the potential temperature of the water surface
in this case. Integrating (4.65) with respect to time gives

θ a ≈ 1.2 ch (u2
a + v2

a)1/2 (θ0 − θ a)

zi
t, (4.66)

where θ a is the amount of warming experienced by
the parcel moving over the relatively warm surface (θ0 −
θ a > 0) over a time interval t, and the ( ) operator act-
ing on zi, θ0 − θ a, and (u2

a + v2
a)1/2 represents an average

over t (zi increases with time/distance as cold air is
advected over a warm surface, and θ0 − θ a decreases with
time/distance).18 Given that t = L/|v|, where L is the
distance traveled over the warm water surface (called the
fetch) and |v| = (u2

a + v2
a)1/2 is the mean wind speed at

18 Fleagle and Businger (1980) derive a more complicated expression for
the air mass modification that does not require averages over the time
interval t to be estimated.

anemometer level averaged over the fetch, (4.66) can be
written as

θ a ≈ 1.2 ch L (θ0 − θ a)

zi
. (4.67)

Note that θ a is independent of the mean wind speed |v| in
(4.67). (In actuality, ch weakly depends on |v|; thus, θ a is
probably not entirely independent of |v| as is suggested by

the expression above.) For ch = 0.002, θ0 − θ a = 10 K, L =
100 km, and zi = 1 km, (4.67) yields θ a ≈ 2.4 K, which
compares favorably with Figure 4.21.

A similar approach can be used to evaluate the moist-
ening of the same air parcel, that is, replacing θ a in (4.63)
with the water vapor mixing ratio of the air at standard
anemometer level, rva. The vertical profile of w′r′

v within
the mixed layer is much less certain than the profile of
w′θ ′, but observations in lake-effect convection cases indi-
cate that we can assume a linear profile of w′r′

v such that
w′r′

v|zi ≈ 0.6 w′r′
v|0. If w′r′

v|0 is parameterized using (4.38),
then one obtains

rva ≈ 0.4 ce L (rv0 − rva)

zi
. (4.68)
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Here rv0 is the saturation water vapor mixing ratio for
the temperature of the water surface (it is assumed that
the air in the microlayer above the water surface is sat-
urated). For ce = 0.002, (rv0 − rva) = 4.0 g kg−1, L =
100 km, and zi = 1 km, (4.68) yields rva ≈ 0.3 g kg−1,
which corresponds to an increase in dewpoint temperature
of ≈1.5–2.5 K at temperatures and pressures typical of the
cold season.19

Figure 4.21 (cf. Figure 4.20) shows a vertical cross-
section of potential temperature analyzed from aircraft
observations obtained over Lake Michigan during a period
of cold-air advection. Lake-effect clouds developed, but
they were not deep enough to produce significant lake-effect
precipitation. The plot nicely shows the modification of the
cold air mass as it is advected over the lake. Approximately
3 K of warming occurs from west to east, and strongly
superadiabatic temperature gradients develop just above
the water surface. A deepening of the mixed layer from west
to east as a direct result of the boundary layer modification
also is obvious.

Observations indicate that a necessary condition for
significant lake-effect convection is that the low-level (sur-
face to 850 mb) lapse rate becomes at least dry adiabatic
(≈10 K km−1) as a result of modification by the water sur-
face. Given the typical height of 850 mb surfaces (∼1300 m),
a forecasting rule of thumb is that the 850 mb tempera-
ture should be at least 13 K lower than the water surface
temperature for the development of significant lake-effect
convection. Given that, in most cases, the cold air near
the water surface is not warmed to the temperature of the
water surface (the air and water temperatures would be
most likely to reach equilibrium when the near-surface,
upstream air is not much colder than the water surface, and
when the fetch is long), in many cases a 13 K differential
between the water surface and 850 mb temperatures may
not lead to a sufficient destabilization of the cold air mass.
Thus, the 13 K guideline should be viewed as a minimum
threshold. The longer the fetch of cold air over the lake,
the greater the amount of time for surface fluxes to mod-
ify the polar or arctic air and sufficiently destabilize the
lower atmosphere. Usually the fetch must be at least 75 km
in length, which prevents small lakes from being able to
produce lake-effect convection.

The warming and moistening estimates obtained above
yield an increase in equivalent potential temperature, θe,
of ∼3–4 K, which is very significant. It can easily be
the difference between a sounding having no CAPE and
a sounding having enough CAPE to support vigorous

19 Obviously rva cannot increase to values that exceed the saturation
water vapor mixing ratio, but the cold air that is modified in passing
over relatively warm water usually starts out so dry that it remains far
from saturation even after modification.

lake-effect convection. CAPE would be expected to be a
maximum at the downwind shoreline, and values as large as
200 J kg−1 can be achieved as a result of the aforementioned
air mass modification (Figure 4.22; note that the soundings
shown in Figure 4.22 were launched at an inland location
and that probably greater CAPE is available to a parcel hav-
ing the thermodynamic properties of the air immediately
offshore, as is suggested by Figure 4.21).20 The equilibrium
level for the buoyant updraft parcels is usually no higher
than 4–5 km (the 12–13 October 2006 case shown in
Figure 4.18 was an exception), where a temperature inver-
sion tends to be observed (Figure 4.22b–e). Lake-effect
snows subside when the inversion lowers and intensifies,
owing to midlevel subsidence, which also is common in the
wakes of departing cold fronts (Figure 4.22f).

Although the air mass modification and destabiliza-
tion discussed above is fundamentally important for the
development of lake-effect precipitation, other mesoscale
dynamical processes are important as well and are sensitive
to wind direction. The air mass modification over a lake
generates a horizontal air temperature gradient directed
toward the lake center, approximately normal to the shore-
line (Figure 4.23). The baroclinity leads to a thermally direct
solenoid that is maximized along the downwind shoreline
(this is really just a land-breeze circulation; land breezes
will be treated further in Chapter 5). The magnitude of the
baroclinity, which determines the strength of the solenoid,
is a function of the degree of air mass modification; thus,
the strength of the solenoid increases with increasing fetch.
Depending on the lake geometry and wind direction, the
mesoscale forcing resulting from lake-generated baroclinity
can influence the organization of lake-effect convection in
important ways. Mesoscale convergence can also be gener-
ated on the downwind and right (with respect to the mean
wind direction and in the northern hemisphere; left in the
southern hemisphere) shorelines as a result of differential
surface drag (Figure 4.24), where a larger cross-isobaric
wind component is present over the rougher land surface
compared with the smoother water surface. Moreover, oro-
graphically forced ascent has been found to be important
in contributing to the mesoscale ascent that favors the
development of significant lake-effect precipitation events
(terrain typically slopes upward away from the shoreline),
as has large-scale, cyclonic, geostrophic relative vorticity in
the boundary layer (i.e., Ekman pumping).

As one would probably surmise, the organization of
lake-effect convection is strongly influenced by the wind
speeds and vertical wind shear. The shape of the lake and,
in the case of highly elliptical lakes (e.g., Lakes Erie and

20 Moist absolutely unstable layers (MAULs) are occasionally observed in
simulations of lake-effect convection (Sousounis and Mann, 2000). The
effects of such layers on lake-effect convection are not well understood.
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Figure 4.22 Soundings from Buffalo, NY, obtained (a) before, (b)–(e) during, and (f) after a lake-effect snow event
downwind of Lake Erie that occurred between 0600 UTC 20 December and 0000 UTC 22 December 2001. Buffalo is located at
the eastern end of Lake Erie. The destabilization of the 1000–700 mb layer is evident from 0000–1200 UTC 20 December,
as is a rapid lowering of the inversion from 0000 UTC to 1200 UTC 22 December, which was associated with the demise of
the lake-effect convection. At times when CAPE is present, the trajectory of a parcel lifted from the surface is also overlaid
(undiluted ascent assumed). Note that greater CAPE would probably be available to parcels having the thermodynamic
properties of the air immediately offshore, as is suggested by Figure 4.21, which shows that the highly superadiabatic
conditions over the lake are absent inland.

Ontario in North America), the angle at which the wind
crosses the lake, can also influence the organization of
the convection. Lake-effect convection tends to be banded,
although it occasionally can be somewhat cellular. When
cellular convection is observed, the wind shear tends to
be weak, as was discussed in Section 4.4. In the more
commonly observed cases of banded precipitation, bands
can be either shore parallel (with respect to the downstream
shoreline, i.e., approximately perpendicular to the mean
wind direction) or approximately aligned with the mean
wind and mean wind shear (usually the mean wind and
mean wind shear do not vary by more than 20◦ in the
cold-air outbreaks that instigate lake-effect convection).

Figure 4.25 shows a lake-effect snow event in the Great
Lakes region in which a wide variety of convective modes
are present on different lakes at the same time. These
different modes are discussed below.

The heaviest lake-effect precipitation events occur when
strong winds (7–15 m s−1) blow parallel to the major
axis of an highly elliptical lake. In such circumstances the
convection can take the form of a single, intense band (e.g.,
the band that extends off of Lake Ontario in Figure 4.25).
Such bands are typically 20–50 km wide and 50–200 km
long. It seems that this combination of wind direction and
lake shape not only maximize the fetch but also the positive
effect of the land-breeze circulation, which, in such cases,
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Figure 4.23 The horizontal temperature gradient that arises from the modification of the boundary layer over the
relatively warm lake generates thermally direct solenoids, with intensity increasing in the downwind direction (the degree
of air mass modification increases downwind). (a) In the case of an elongated lake (blue) with the wind blowing parallel
to the major axis of the lake, the solenoids give rise to mesoscale convergence and updraft along the major axis that
can promote the formation of an intense, single convective band. The fetch is also maximized, thus the strength of the
solenoids is maximized (the horizontal vorticity vectors associated with the solenoids are indicated with red arrows, as
is the sense of rotation; the magnitude of the horizontal vorticity is proportional to the size of the vectors). (b) In the
case of winds blowing across the same lake parallel to the minor axis, the fetch is minimized. Boundary layer modification
is therefore minimized as well, resulting in weaker solenoids. Moreover, the lake geometry relative to the wind direction
further reduces the contribution of the solenoids to upward motion over the lake (even if the air mass were somehow
equally modified despite the shorter fetch, the horizontal temperature gradient between the shore and lake center would
be less than in the case of winds blowing down the major axis of the lake). Mesoscale convergence and updraft are weaker
than in (a) and largely confined to the downwind shoreline. In the case of relatively weak mean winds, shore-parallel
convective bands can form or, in the case of faster mean winds, HCRs may be observed (by ‘shore-parallel’ bands, we are
referring to bands that are parallel to the downstream shoreline, and thus approximately perpendicular to the mean wind,
in contrast to HCRs, which tend to be parallel to the mean wind).
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Figure 4.24 Differential surface drag promotes mesoscale convergence (divergence) along the shorelines downwind
(upwind) and to the right (left) of the mean wind. The wind–pressure relationship shown above is valid in the northern
hemisphere. In the southern hemisphere, the pressure gradient would point toward the north and convergence (divergence)
would be found along the shorelines downwind (upwind) and to the left (right) of the mean wind.
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Figure 4.25 Visible satellite and composite radar reflectivity imagery from a cold air outbreak over the Great Lakes
region on 20 February 2008. A variety of mesoscale cloud formations are evident: cyclonic vortices over Lake Michigan
and Lake Huron (the lakes are identified in Figure 4.17); HCRs over Lake Superior depositing light snow over a broad
downwind region; a single, intense snow band streaming off of Lake Ontario; less intense lake-effect snow downwind of
Lake Erie (much of the lake is covered with ice at this time), with shore-parallel bands along the southwestern shoreline
and disorganized convection in proximity to the eastern shoreline. Wind barbs (knots) at 925 mb from the 1200 UTC 20
February 2008 North American Model (NAM) analysis are overlaid on the 1425 UTC visible satellite.

would act not just on the downwind shoreline but also along
the sides of the lake to induce a mesoscale corridor of ascent
along the major axis of the lake (Figure 4.23a). In the cases
in which a single convective band develops, it is possible for
most areas to remain precipitation-free, even experiencing
mostly clear conditions, while daily precipitation records
are broken at sites beneath the precipitation band.

When strong winds more closely parallel the minor
axis of an elliptical lake, not only is the fetch minimized
but multiple narrower (5–20 km wide) and less intense
convective bands tend to be observed, with the convection
taking the form of HCRs (e.g., the convection that is
present over Lake Superior in Figure 4.25). It seems that
boundary layer roll dynamics dominate in these lake-effect
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convection cases, in contrast to the aforementioned case
of a single, wide, intense band of convection observed
when winds blow along the major axis of an elliptical lake
and solenoidal effects figure so prominently. This is not
surprising since the reduced fetch would lead to weaker
solenoidal circulations (Figure 4.23b). Lesser precipitation
accumulations are observed compared with the case of a
single band, but the areal coverage is typically greater. As
discussed in Section 4.4, the influence of both thermal and
dynamical instabilities can lead to HCR orientations that
do not exactly coincide with the direction of the mean
shear, although the orientation of the HCRs usually does
not depart wildly from the direction of the mean wind and
mean wind shear.

When wind speeds are weak (5–7 m s−1), especially
when parallel to the minor axis of the lake, shore-parallel
convective bands tend to be observed near the downwind
shoreline (e.g., the bands along the southwestern shoreline
of Lake Erie in Figure 4.25). In such cases the solenoidal cir-
culation associated with the horizontal temperature differ-
ential between the inland air and the modified air seems to
play the primary role in organizing the convection, despite
the fact that the solenoidal circulation is not as strong as
it would be in the case of a longer fetch (Figure 4.23b).
Because of the weak winds, shore-parallel bands and their
precipitation tend to remain fairly close to the shoreline.

In cases of very weak winds (<5 m s−1 in the lowest kilo-
meter), lake-effect precipitation is unlikely to be observed
inland; however, mesoscale vortices may be observed over
the lake (vertical wind shear is also small in such regimes;
these conditions tend to be the most likely to be char-
acterized by cellular lake-effect convection). The relative
warmth of the air residing over the lake results in hydro-
statically lowered pressure (up to a few mb), which in turn
gives rise to low-level convergence over the lake. Planetary
vorticity and ambient relative vorticity are amplified by this
convergence (vorticity stretching), resulting in the cloud
swirls seen over Lake Michigan in Figures 4.25 and 4.26.
The shape of the shoreline also appears to play a prominent
role on the formation of lake vortices, with vortex gener-
ation being favored in regions where the shoreline is very
curved.

Changes in wind direction with height also have been
found to adversely affect the organization of lake-effect
convection. When directional wind shear is substantial
(>30◦ over the depth of the boundary layer), lake-effect
convection tends to become more disorganized overall
(i.e., banded structures such as those described above
become less discernible), resulting in relatively light pre-
cipitation accumulations over a broad region. In general,
lake-effect convection intensity and precipitation accumu-
lations increase as the directional wind shear decreases.

Figure 4.26 Evolution of a lake vortex on 8 January 1981 over Lake Michigan at 1600 UTC (left), 1800 UTC (center), and
2000 UTC (right). (From Forbes and Merritt [1984]. Courtesy of the American Meteorological Society.)
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4.6 Urban boundary layers
The radiative, thermodynamic, and aerodynamic charac-
teristics of urban areas differ markedly from rural areas,
leading to modifications of local weather and climate. The
most documented effect of urbanization on weather has
been its effect on temperature, the so-called urban heat
island effect (Figures 4.27 and 4.28). The annual mean
temperature of a large city is typically 2–3 K higher than
the surrounding rural areas. On some clear, calm nights,
city temperatures may be as much as 10 K higher than
those in surrounding rural regions. The warmth created
by cities extends vertically to form a dome in light wind
conditions, and an urban heat plume may extend a sig-
nificant distance downwind of a city in windy conditions
(Figure 4.29). The warm anomaly is also associated with
a city-scale updraft. In some cases, the boundary layer
convergence associated with this updraft may persist long
enough to stretch ambient vertical vorticity to magnitudes
sufficient for the low-level streamline pattern to acquire a
discernible cyclonic circulation.

The urban heat island phenomenon has been attributed
to a number of factors: (i) increased incoming long-wave
radiation, owing to the absorption of outgoing long-
wave radiation and ‘reemission’ by the radiatively active
pollutants in the urban boundary layer; (ii) decreased
outgoing long-wave radiation from street canyons owing
to a reduction in the fraction of the sky visible in the
viewing hemisphere, called the sky view factor, by buildings
(outgoing long-wave radiation is therefore captured by ver-
tical walls); (iii) increased short-wave radiation absorption
owing to the thermal properties of urban materials (e.g.,
brick, concrete, asphalt) and the fact that the vertical walls in

cities also absorb more incoming short-wave radiation dur-
ing late afternoon hours due to their geometry; (iv) addition
of anthropogenic heat from industrial operations and trans-
portation; (v) decreased evaporation (and hence, latent heat
flux) owing to the lack of vegetation and surface water-
proofing (leads to runoff into sewers). Basically, all of the
components of the surface energy budget in urban areas
are modified in a way such that they add to the heat island
effect in a positive sense.

Water vapor mixing ratios tend to be slightly smaller
in cities than in the surrounding countryside because of
smaller evapotranspiration rates (less vegetation is found in
cities compared with rural areas). Relative humidity values
are also typically smaller in cities than in surrounding
areas, owing to smaller water vapor concentrations and
higher temperatures. Cloud bases have been found to be
several hundred meters higher over cities, on average, than
outside of cities. Although relative humidities tend to be
slightly smaller in urban areas, average cloud fractions,
excluding fog, have been found to be larger than in rural
areas. This may be due to the greater concentration of
cloud condensation nuclei (CCNs) within cities. Evidence
regarding the effect of cities on fog formation is somewhat
conflicting. There are some accounts that cities have more
occurrences of fog because of the relatively light winds
due to increased surface drag along with the presence of
elevated concentrations of hygroscopic CCNs. In contrast,
other findings have indicated that fog formation is more
frequent in rural nocturnal boundary layers because they
tend to cool more rapidly at night and thus have a greater
likelihood of achieving saturation.

The winds within urban boundary layers also differ
from the winds observed in the neighboring countryside.
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Figure 4.27 Mean (a) January and (b) July surface air temperatures (◦C) in the Minneapolis-St. Paul area from 1967–1976.
Shading indicates the urban area. (Adapted from Winkler et al. [1981].)
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Figure 4.29 Schematic representation of the urban atmosphere illustrating a two-layer classification of urban modification.
(Adapted from Oke [1976].)
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Figure 4.30 (Left) Infrared satellite image showing the heat islands (dark patches) associated with the Dallas–Ft. Worth
(DFW), Waco (ACT), Austin (AUS), Houston (HOU), and San Antonio (SAT) metropolitan areas. (Right) Isopleths of the
15 month, warm-season mean rainfall rates at a height of 2 km using 0.5◦ resolution Tropical Rainfall Measuring Mission
(TRMM) precipitation radar data. Values in red are greater than or equal to 4.2 mm h−1. Values in blue are less than or
equal to 3.6 mm h−1. (From Shepherd et al. [2002]. Courtesy of the American Meteorological Society.)

The buildings within cities enhance surface drag, thereby
retarding the low-level winds. Average wind speeds within
cities may be 5–10 m s−1 lower than in rural regions. How-
ever, some locations within cities can actually experience
much larger localized wind speeds than the surrounding
areas as a result of channeling effects between buildings.
Microscale vortices may be shed from the corners of build-
ings, also contributing to wind gusts.

Several studies have reported an increase in precipitation
accumulations and mean rainfall rates downwind of cities
(Figure 4.30). There may be a propensity for convective
storms to be initiated above cities (which later move over
downstream areas) by upward motion resulting from the
urban heat island circulation associated with cities, that is,
the mesoscale circulation resulting from the warm anomaly
of the city. The heat island plume and its associated positive
buoyancy may be shifted downstream by the prevailing
synoptic-scale flow (Figures 4.28 and 4.29), resulting in
downstream convection initiation. The CCN distribution
may also differ in urban areas compared with rural areas
(e.g., urban areas perhaps might have more significant con-
centrations of very large CCNs), which can also contribute
to the elevated downstream precipitation accumulations. It
was once thought that the increase in surface drag within
cities, and the convergence that would be expected on
the upstream side of a city because of this variation in
drag, might also contribute to the enhanced frequency of

convection. Recent urban boundary layer studies21 cast
doubt on whether this effect is a major contributor to the
downwind enhancement of convective precipitation.

4.7 The nocturnal low-level wind
maximum

4.7.1 Low-level jets versus jet streams

A low-level jet is a fairly commonly observed relative
maximum in the vertical profile of wind speed occurring
at low levels (i.e., within a few kilometers of the surface).
There are two somewhat different phenomena that may
each play a role in the formation of low-level jets. The
first is a result of the nighttime decoupling of the surface
layer from the boundary layer above (it is for this reason
that low-level jets are discussed within this chapter). This
phenomenon is perhaps most appropriately referred to
as the nocturnal low-level wind maximum. The second
phenomenon is related not to the diurnal cycle but rather
to synoptic-scale dynamics, and can be explained using
fairly well understood synoptic-scale dynamical principles
(e.g., quasigeostrophic theory). This feature might be most
appropriately referred to as a low-level jet stream.

21 For example, see Rozoff et al. (2003).
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Low-level jets, particularly those that intersect fronts or
outflow boundaries or interact with mesoscale convective
vortices (Section 9.5), often lead to the initiation and
sustenance of long-lived mesoscale convective complexes
that produce heavy overnight rains and sometimes flash
floods. In the United States, low-level jets play an important
role in the transport of Gulf of Mexico moisture northward
toward the Great Plains ahead of approaching synoptic-
scale disturbances, which may lead to the generation of
substantial convective available potential energy. Low-level
jets also often increase the low-level vertical wind shear,
which may enhance the potential for severe convective
storms, including tornadoes. The nocturnal low-level wind
maximum, specifically, is believed to be responsible for
the observed nighttime maxima in warm-season rainfall
accumulations reported by virtually every observing site in
the central United States.

4.7.2 Characteristics of the nocturnal
low-level wind maximum

During the day, winds near the top of the boundary layer
tend to be subgeostrophic, owing to the drag associated
with the turbulent momentum flux profile. In other words,
during the day, well mixed boundary layers disperse the
effects of surface friction throughout the boundary layer.
As mentioned previously (Section 4.1.4), a near-balance is
achieved among the pressure gradient force, Coriolis force,
and frictional force. With the onset of surface cooling
at night, the near-ground static stability increases, deep
vertical mixing ceases, and the middle and upper portions
of the boundary layer become decoupled from the surface
layer. This decoupling results in a disruption of the balance
among the pressure gradient, Coriolis, and frictional forces
in roughly the layer residing 500–1500 m above ground
level—basically friction has been turned off in the upper
portion of the boundary layer owing to the decoupling from
the surface layer. This force imbalance causes an inertial
oscillation of the wind about its would-be equilibrium
position (geostrophic balance; also refer to Section 3.3).
The oscillation leads to supergeostrophic winds and a
nocturnal low-level wind maximum in the overnight hours
(Figures 4.31–4.33).

4.7.3 Mathematical development

To investigate the dynamics of the nocturnal low-level
wind maximum, we begin with the horizontal momentum
equations. We include the Coriolis force, because it is
needed to produce the observed oscillation. Friction is
not included in the equations because we are looking

6 pm LST

12 am LST

6 am LST

12 pm LST

0 2 4 6 8 10 12
0

1

2

3

4

5

6

wind speed (m s–1)

he
ig

ht
 a

bo
ve

 g
ro

un
d 

le
ve

l (
km

)

Vici, Oklahoma
June–July, 2006

Figure 4.31 Vertical profiles of the mean horizontal
wind speed at the Vici, OK, wind profiler at 6 pm, 12 am,
6 am, and 12 pm local standard time in June and July,
2006.

m
ea

n 
w

in
d

1 2 3 4 5 6
u (m s–1)

–1 0
–1

1

2

3

4

7

6

11

10

v (m s–1)

6 PM
CST

12 AM
CST

6 AM CST

12 PM
CST

Vici, Oklahoma
June–July, 2006

750 m AGL

Figure 4.32 Mean diurnal cycle of the horizontal
wind velocity components at 750 m above ground level
observed by the Vici, OK, wind profiler in June and July,
2006.



THE NOCTURNAL LOW-LEVEL WIND MAXIMUM 107

at what happens to the low-level flow once it becomes
decoupled from the surface layer where friction is present.
The horizontal momentum equations are

du

dt
= − 1

ρ

∂p

∂x
+ f v (4.69)

dv

dt
= − 1

ρ

∂p

∂y
− fu. (4.70)

It will be useful to partition the wind into geostrophic (g)
and ageostrophic (a) parts:

u = ug + ua (4.71)

v = vg + va. (4.72)

Substituting the above into (4.69) and (4.70) and assum-
ing22 that dvg/dt = 0, we obtain

dua

dt
= − 1

ρ

∂p

∂x
+ f (vg + va) (4.73)

dva

dt
= − 1

ρ

∂p

∂y
− f (ug + ua). (4.74)

By definition,

ug = − 1

ρf

∂p

∂y
(4.75)

vg = 1

ρf

∂p

∂x
, (4.76)

therefore the momentum equations become

dua

dt
= f va (4.77)

dva

dt
= −fua. (4.78)

We have two equations and two unknowns. One equation
with one unknown can be obtained by taking d (4.77) /dt
and using (4.78):

d2ua

dt2
= f

dva

dt
= −f 2ua (4.79)

If we treat f as a constant (the f -plane approximation),
then (4.79) is a linear ordinary equation with constant
coefficients and has a solution of the form

ua = C1 cos ft + C2 sin ft, (4.80)

22 Because vg = 1
ρf k × ∇hp and

dvg
dt = ∂vg

∂t + v · ∇vg, the assumption
that dvg/dt = 0 implies that we are assuming that the horizontal
pressure gradient is constant in time, such that ∂vg/∂t = 0, and that the
horizontal pressure gradient has no derivatives, such that ∇(∇hp) = 0.

where C1 and C2 are constants. Also note that

va = 1

f

dua

dt
(4.81)

= 1

f
(−C1f sin ft) + 1

f
(C2f cos ft) (4.82)

= −C1 sin ft + C2 cos ft. (4.83)

At t = 0, let us define ua = ua0. Therefore,

ua0 = C1 cos 0 + C2 sin 0 (4.84)

= C1. (4.85)

Similarly, at t = 0, let us define va = va0. Therefore,

va0 = −C1 sin 0 + C2 cos 0 (4.86)

= C2, (4.87)

and the equations for the ageostrophic wind are

ua(t) = ua0 cos ft + va0 sin ft (4.88)

va(t) = va0 cos ft − ua0 sin ft. (4.89)

Using trigonometric identities (e.g., sin(α − β) = sin α

cos β − cos α sin β and cos(α − β) = cos α cos β + sin α

sin β), we can rewrite (4.88) and (4.89) as

ua(t) = |va0| cos(ψ0 − ft) (4.90)

va(t) = |va0| sin(ψ0 − ft), (4.91)

where va0 = (ua0, va0), |va0| =
√

u2
a0 + v2

a0, and ψ0 is
the angular constant designating the orientation of the
ageostrophic wind at the start of the adjustment process
(Figure 4.34).

Equations (4.90) and (4.91) reveal that the ageostrophic
wind rotates clockwise (in the northern hemisphere) in a
circle (an inertia circle), once the adjustment process begins
following the cessation of deep mixing and the decoupling
of the boundary layer from the surface layer (usually around
∼6–7 pm local time). A full circle is completed at time
t = 2π/f ; thus, it would take a period of 12 h/ sin φ for
the wind to complete a revolution (where φ is latitude).
As drawn in Figure 4.34, the ageostrophic wind vector will
point north after about a 150◦ (or 5π /6) rotation. The
horizontal wind (vh = vg + va) is supergeostrophic at that
time, yielding the maximum nocturnal low-level jet. This is
approximately 10 h after the start of the adjustment process
for φ = 30◦ (∼3–4 am local time), and about 7 h after the
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Figure 4.33 Schematic illustrating how the nocturnal low-level wind maximum develops, for the case of a southerly
geostrophic wind, without loss of generality. At t = t0 (during the late afternoon), the friction, Coriolis, and pressure
gradient forces are in balance; thus, dvh/dt = 0, where vh is the horizontal wind velocity. The removal of the friction
force at t = t0 + t creates a force imbalance (where dvh/dt = − 1

ρ
∇hp − f k × v �= 0), which results in net acceleration

of the wind vector t = t0 + t and t = t0 + 8t. An inertial oscillation results, with winds becoming supergeostrophic
from approximately t = t0 + 2t to t = t0 + 7t.
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Figure 4.34 Schematic illustrating vg, va(t), va0, and ψ0. The horizontal wind, vh, is shown at t = 0 (v0), but not at the
selected future times in order to maintain clarity.
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start of the adjustment process for φ = 45◦ (∼12–1 am
local time). The wind is supergeostrophic at these times
by an amount that depends on how subgeostrophic it was
during the late afternoon. In other words, the strongest
amplification of the low-level wind occurs on nights fol-
lowing days during which winds in the upper boundary
layer were most retarded by surface friction. These are days
associated with abundant insolation, deep mixing, and deep
boundary layers.

Figure 4.35 shows a times series of the vertical wind pro-
file at Vici, OK (φ ≈ 35◦), from the late afternoon of 15 June
2006 through the mid-afternoon of 16 June 2006, which
was a period of quiescent synoptic-scale conditions. Note
the acceleration and veering of the wind in the 0.75–1.5 km
layer during the nighttime hours. The nocturnal low-level
wind maximum peaked at approximately 1 am CST.

Does the oscillation continue indefinitely? No, because
sunrise begins a new day, during which vertical mixing
occurs and approximate balance is restored among the

Coriolis, pressure gradient, and friction forces throughout
the boundary layer. Furthermore, in studying the process
of geostrophic adjustment, one would complete the same
derivation as that performed above in order to examine how
flow that initially is not in geostrophic balance attempts to
restore balance. In this case, the oscillation also does not
proceed indefinitely, but might be expected to be damped
by a simultaneous adjustment of the mass (pressure) field;
that is, realistically, the mass field would not remain static
as the wind oscillates.

4.7.4 Enhancement of the nocturnal wind
maximum by sloping terrain

The presence of sloping terrain can also contribute to the
observed diurnal variability of the low-level wind flow. For
example, consider terrain that slopes upward from east to
west, as it does on the Great Plains of the United States
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Figure 4.37 Eta model forecast of 250 mb and 850 mb geopotential heights (dam, contoured) and wind speeds (shaded)
for 0000 UTC 5 May 2001. The 850 mb low-level jet stream in the southern Great Plains region is coupled with the exit
region associated with the 250 mb jet stream.

over a large distance. Let us also consider the case of
a poleward geostrophic flow that is constant with height
above the boundary layer. Within the boundary layer, in any
plane at a constant height above sea level, the higher terrain
in the west causes the temperature there to be higher than
the temperature in the east during the day. This creates a
horizontal temperature gradient directed from east to west,
an equatorward thermal wind, and equatorward vertical
shear in the geostrophic wind profile over the depth of the

boundary layer (Figure 4.36). Although this vertical profile
of the thermal wind, combined with poleward geostrophic
winds, would not lead to a relative maximum in the vertical
profile of meridional geostrophic wind speed |vg|, surface
friction could lead to a relative maximum in the vertical
profile of meridional wind speed |v| if the thermal wind
above the boundary layer is weak.

At night, the ground cools the adjacent air, but not
the air within the upper portions of the boundary layer.
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This leads to a reversal of the thermal wind in the lower
portion of the boundary layer, but the thermal wind in the
upper portion of the boundary layer is largely unaffected.
This results in a maximum in the profile of |vg| above the
surface, leading to an even larger relative maximum in the
|v| profile than would result from the effects of surface
friction alone (Figure 4.36).

Stated another way, in the mathematical treatment of
the previous section, we assumed that vg was a constant in
time. The heating and cooling of sloping terrain, however,
can lead to ∂vg/∂t �= 0, and these diurnal changes in vg,
when superposed upon the inertial oscillation of va, can
augment the magnitude of the nocturnal low-level wind
maximum.

4.7.5 Low-level jet streams as a response
to an upper-level jet

Low-level wind speed maxima also can result from pro-
cesses independent of the diurnal cycle of the boundary
layer. The ageostrophic circulations associated with the
wind accelerations that accompany an upper-tropospheric
wind maximum can extend into the lower troposphere
to produce a low-level jet stream. The influence of the
upper-level jet on low-level accelerations depends on the
static stability, with stronger low-level jet streams being
coupled to upper-level wind maxima when the static sta-
bility is relatively small. Coupled jets are common in the
central United States when synoptic-scale conditions favor
lee cyclogenesis downstream of the Rocky Mountains (i.e.,
when a mid-upper level trough is present in the western
United States with a wind speed maximum rounding the
base of the trough) (Figure 4.37). In the warm season, low-
level jet streams induced by upper-level jets are commonly
present during outbreaks of severe convection in the central
United States.

Consider an upper-level westerly jet streak. East of the
jet core, the exit region circulation is associated with pole-
ward ageostrophic winds at the base of the transverse
circulation. If the static stability is not too strong, the
ageostrophic transverse circulation can extend to low levels
and the upper-level jet therefore induces a relative max-
imum in the poleward vertical wind profile at low levels
ahead of the upper-level jet (Figure 4.37). West of the jet
core, the entrance region circulation is associated with equa-
torward ageostrophic winds at the base of the transverse
circulation, although the enhanced low-level static stability
often present in the wake of an extratropical cyclone can
limit the coupling of the upper-level jet with the low-level

winds. In such cases, there may be an ‘elevated’ low-level jet
stream in the equatorward flow above the frontal inversion
associated with the trailing cold front of the extratropical
cyclone.
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